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IlepeamoBa

[IponoHoBaHe BUAAHHS MPOJOBKYE BUKJIA KOHCIICKTY JICKITIH ,,MaTeMaTnydl MeTO-
au B 610m0rii. OcHOBH Teopli HMOBIpHOCTEH . DAKTUYHO 111 BUIAHHS BMIIIYIOTh ITOBHUI
JEKIIHHAN Kypc MUCIHILIIHA ,,Martematuani MeToau B O1omorii®. Jlyist 3pydHOCTI KOpHC-
TyBaHHSA KOHCTIEKTOM JICKINIH HyMepariio po3autis, Gopmyst, TabauIs 1 pUCyHKIB, TIPHii-
HATY B ,,OCHOBax Teopli KMOBIPHOCTEH ™, MH MPOAOBXKIIH # B ,,OCHOBaX MaTeMaTH4YHOI
CTaTUCTUKHU ",

Ha mouatky Hamoro KOHCTHEKTY MH TOKJIAAHO PEMPE3CHTYBAJM BJACHI TOTJISIAH
Ha BHKJIAJCHHSA TUCHUILIIHK ,,MaTeMaTHdHI METOAH B O10JIOT1i™ /I CTYASHTIB 010J10TO-
eKoIOTTUHOTO (haKybTeTy Ta (paKynbTeTy 3a09HOI Ta AUCTAHIIMHOI OCBITH, BIATaK 0OMe-
KUMOCS ~ JIMIIIE  BKA3IBKOIO  HA IHAYKTWBHUH  CTWJIb  BHUKJIQJCHHA,  OJMU3BKUHN
1o 3anpornoroBaroro Mizecom (1930). [naykTuBHUE T1IX11 IPYHTYETHCS Ha y3arajJbHEHHI
¢dakTiB y BUTJIAAI TeOpii, TOOTO HA MPAMYBAaHHI BIJ ,,9aCTKOBOTO® 10 ,,3arajbHOTO",
B nmanomy JekImidiHOMYy Kypci HEMaEe YiTKOTO PO3MEXKYBAaHHS HA TEOPIIO HMOBIPHOCTEH
1 CTAaTHCTHKY, OTXKe, Ha3Ba ,,OCHOBH Teopli HMOBIPHOCTEH /Ui OYATKy KOHCIEKTY 00Yy-
MOBJICHA BBEACHHSAM TAKOTO TIOHATTS, K IMOBIPHICTH, 3 SIKOTO TIOYHMHAETHCS 3BHUYAWHWN
Kypc Teopii WMoBIpHOCTEH, a Ha3Ba ,,OCHOBHM CTAaTUCTUKHU JUIS 3aBEPIICHHS KOHCIICKTY
IPYHTYETHCS HA TOMY, IO B OCTAHHBROMY PO3JAUII BUKIAJAIOTHCA AITOPUTMH TIEPEBIPKA
CTaTUCTHYHHUX TIITOTE3, TOOTO TeMa, SKOK 3BHYAHHO 3aBEPINYIOTHCS CTAHIAPTHI KypCH
MaTEeMaTHIHOI CTATUCTHKH.

JloriuHa ¥ TeMaTH4yHa TOOYI0BA JISKI(IH € TaKa.

VY po3aial 7 MU pO3TISAAEMO CHCTEMH BUMAAKOBUX BEJIMUHH, BKITIOYAIOYH JAWCKPET-
Hi, HETIEPEPBH1 1 IHTEPBAJIbHI. [HTEpBaIbHI BUMAAKOB1 BEIMUHWHU, BJIACHE, € TaKi, MO CITO-
CTEPITafOThCS B JIOCIII 3aMICTh 1/Icalli30BAHUX HEIEPEPBHUX, Uepe3 0OMEKeHY TOUHICTh
BAMIDIOBAIBHUX ~ TipwiadiB.  OJHOYACHO BOHU € MPOMIKHI MDK  JTUCKPETHUMH
1 HenepepBHUMH. OTXxe, 0arato MOHATH, K1 BBOJAATHCA JJIA JUCKPETHUX BEIMUHWH, MOYKHA
JIETKO TICPEHECTH 1 HA IHTEPBAJIbHI. SIKIO PO3TIIANATH TPAHUINIO IHTEPBAJBHAX BEITUUHUH
3a 3MEHITICHHS MAPUHHU 1HTEPBAJIIB, TO MOXHA HAOIU3UTHCA SK 3aBTOJHO OJIM3BKO 10 He-
nepepBHUX. Takwii MiaX11, HA HAII TOTJISA, HAWOUTHIIT IPUAATHHMN NI BUKIIAIEHHS YK
HEMPOCTUX TOHSATH, OB’ A3aHUX 3 JAIsIMU HAJl HETICPEPBHUMH BeTMuuHaMu. J[1ficHO, HaBITh
JUTSI BBEJICHHS CYMH JIBOX HEMIEPEPBHUX BEJIMUWH, 3aIaHUX CBOIMH (DYHKITIIMH PO3TOLTY,
HEOOX1THO BUKOPUCTOBYBATH Take MOHATTA, sk 3roptka (Typumn, 2006). Ha mamy aymky,
BUKJIQJICHHA ,,3TOPTKH' HAIUM CTYJACHTAM € HEAOIUIBHUM 1 MalkKe HEMOXKIUBAM
3 OTJIAy Ha OOMEXEHICTh pOorpaMu 3 BUIOI MateMaTHkd. OTxe, 3aCTOCYBAHHS TMEPEX0-
JIy B HETICPEPBHUX BEIMUWH IO 1HTEPBAIBHUX, BUKOHAHHS i HAJl IHTEPBAJILHUMHU Be-
JUYMHAMY, TPAHWUYHE TOBEPHEHHS BIJ IHTEPBAIBHOI BEMUMHHU-PE3yJbTaTa A0 HEMepe-
PBHOT BEJTUUMHHU-PE3YIIbTATA €, MOXKJIUBO, €JMHAM CIIOCOOOM BUKJIAJCHHS 1 Haj HEre-
PEBHMMH BelmunHAMH. J[o pedl, caMe B TaKHii Crioci0 MU BBOAMMO TOHSATTS HE3aJIEKHOCTI
JUTSI HETIEPEBHUX BEJIWUMH, y3araJIbHIOIOUN HAIle TIOHATTS HE3AJICKHOCTI SISl BUITAIKOBUX
moAiH, yBeaeHe B po3aual 3. Jlam B po3aial 7 MA BBOJMMO YHCIIOBI XapaKTCPUCTUKH i
HaJl BUTIAJIKOBUMH BEJIMUMHAMH, IPUAUTSIOUH yBATy PI3HAIN MK YACTOBUMHU XapPaKTEPHC-
TUKAMH 3aJIC)KHUX 1 HE3AJIC)KHUX BEJTMUMH, KA BTUTFOETHCSA B BAXKJIMBOMY TOHSATTI KOBapi-
armii. A/pke came KoBapiallis TO3BOJISE BIAPI3HATH 3AJICKHI 1 HE3AJICKHI BUTIAJKOBI BEITH-
YWHU M1 9aC MEePEBIPKA CTaTUCTUYHUX Tinmote3. Hampukinii po3aity 7 MU BBOJAMMO Taki
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MIOHATTSA, SIK KOpelmis 1 perpecis. Ilepie m03Boiide ,,BUMIPIOBATH * JTHINAHI 3B’ I3KH MIX
BUTIAJIKOBAMH BEJIMUMHAMHM, JPYTe — CHOPOIIYBATA Il 3B S3KH, UEPE3 3AJICIKHICTD
B CEPEAHHOMY OJTHOI BMITAIKOBOI BEJIMUWHHM B 3HAUCHD 1HINOI. J[OKITamHO MU po3risaae-
MO JIMTIIe JIiHIHAY perpecito. KpiMm Meroay obuucieHHs koedimieHTIB JIHIHHOI perpecti
0OTOBOPIOETHCA 1 BUPIBHIOBAHHS JNaHUX, AKE (POpPMaNbHO, M KyTOM 30py 3aCTOCOBAHMX
dbopmyi1, He BIAPI3HAECTHCS BIJI PErpecii, aje HacIpaB/il € 30BCIM THIIOIO 331a4CHO.

VY po3nial 8§ MU 3HOBY TIOBEPTAEMOCS 10 HOPMAJILHOTO PO3MOMALTY HETICPEPBHHUX BH-
MaJKOBUX BENMUMH. e 3yMOBNIEHO TUM, 110 Aii HaJ BUMAJAKOBAMH BEIIMUMHAMH BIKE BH-
KJIQJICH1, OT)KE, MOYKHA BBECTH 3HAMEHUTY TICHTPaJIbHY TpaHW4YHy Teopemy. Ha Hamry aym-
Ky, SKITO B OMIOHMUX Kypcax ii W yBOAATH, TO JIMIIE NI HA3BH, OCKUIBKK 0€3 yBEICHHS
T HaJ BUTIAJKOBUMH BEJIUYMHAMH, OCOOJMBO HEMEPEPBHUX, ii BBEJACHHS HEOIUIBHE.
Jla;m Ha OCHOBI HOPMAJBHOTO PO3MOAUTY BBOJAMMO (3BUYAWHUM CIOCOOOM) CTaHMApTHI
po3noai — Ilipcona, ®imepa, Creoaenta. BogHouac mMm pobumo cmpoOy BBECTH
111 PO3MOALIN 1 K TPAHWYHI BiOIPKOBI PO3MOAUTH. | e MOMJIHMBO, OCKUIBKHA BCl TOHSTTS,
3aCHOBaHI Ha MEPBHUHHIN 00poO0Il BUOIPKOBUX AaHWX (BUOIpKOBA (DYHKIIIS TYCTHHU 1 BH-
OipkoBa (pyHKITA po3moaAuTy), Oynmu BBemeH1 1mie B po3auti 4. Ha wamy mymky, y Takuit
crocid MM MEBHUM YMHOM BIIXOAUMO B1J (hOPMATBHOTO 1 TOCUTHh MOMTUPEHOTO TIAXOTY,
AKUN MaMKe HE CIPUUMAETHCA HALIUMU CTYAECHTAMH.

VY po3niat 9 My BBOAMMO TIOHATTS, TIOB’S3aHI 3 MEPEBIPKOIO CTAaTUCTUYHUX TIMOTE3,
B 3araJibHUX PHCaX BUKOPWUCTOBYIOUH 1/1€i, AKI BUKJIAB y CBOEMY BIJIOMOMY IMiAPYyYHUKY
Tyry6amin (1986). Kpim Toro, HaBOAMMO BC1 OCHOBHI BWIHW TIMOTE3, MO 3YCTPIUAOTHCS
3a MIEPBUHHOI 0OPOOKM TIMOTE3 HA PIBHI, JOCTATHHOMY JUIsi BUKOHAHHA KYPCOBHX 1 JHTI-
JIOMHHX POOIT.

B ocrannbomMy po3niii MoBa #iie mMpo 1THTEPBaIbHI OIMIHKH, THITUMH CJIOBAMH, PO
TOYHICTH TEPEBIPKHA CTATUCTHUYHMX TimoTe3. Mu 3po0uin cripoly aTv alrOPUTMHA THTEP-
BaJIbHUX OIIHOK JJIS yC1X MapaMeTPiB, POTIITHYTHX y MOMIEPEAHIX PO3ALUIAX.

Hacamkinenp 3a3HaUMMO: MM HE CTaBWJIM 32 METY, HaBITh CTOCOBHO BAXKJIUBHUX pe-
3yJIbTATIB BJABAaTUCA N0 KIACHYHUX JIOBEICHB, HATOMICTh OOMEIKYBAJIMCS JTOCTATHIM, Ha
HAIIl TOTJIA, ,,3I0POBHM CEHCOM ™, Y THX HEUWMCIICHHUX BHUIIAJKAX, € JOBEACHHS 3yCTpI-
YaOThCA, MU TO3HAYAJIN iX 3aBEPIICHHS 3HakoM M. 3HaK ® 3aCTOCOBYBAJH JUTS TTO3HAUKH
3aBEepINECHHSA TPHUKJIAAIB, a 3HAK A — 3aBEpIICHHS 3ayBakeHb. Ha 3ayBaxkeHHs, momaHi
y KOHCTIEKTI JICKI[IH, TOIUTPHO 3BEPHYTH yBary 3 OTJIAAY Ha TE, IO BOHU HE € MITYYHUMH,
TOOTO 1X HE CJIi7 BBAXaTH HABMUCHUMH BUAUICHHAMH B TeKCTI. [lepeBakHa ix OUTHIIICTH
€ BIANOBIIAMH Ha 3alWTaHHS CTYACHTIB M Yac JIeKmid ado aHagi3oM iX ITOMMIIOK
HA MPAKTHYHUX 3aHATTAX YH Y BIAMOBIISIX MiJT 4ac 1CTIUTIB.

Ha Bc1 3anmo3ndeHHs, BKIIFOYAalOUX 1 3MICTOBHI, B TEKCTI JICKIIH 3p0o0JIeH] BIAMOBIAHI
MTOCHJTAHHA.
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7. CI/ICTCMI/I ABOX BUITAAKOBHUX BC/IMYHUH
7.1. IloHATTH CHCTEeMH BHIAAKOBHUX BEJIHYHH

CucreMn BHMANKOBUX BEJIWYMH YTBOPIOIOTHCS 3a BIAMOBITHOI OpraHizaIili AOCTITY.
HatinpocTimmii mprkitaa Takoro AOCTIAY — BUMIPIOBAHHA Y KOXKHOTO 00'€KTa TeHEPaIbHOT
CYKYITHOCTI, IO BUTATAETHCS Y BUOIPKOBY CYKYITHICTh, TBOX 200 OULIBINE YACTOBUX O3HAK.
VY mipoMy BUTIIAAKY Pe3yJIbTaTOM JOCIIAy OyayTh 3a3Majierib HEBIOMI1 3HAUYCHHS YHCITO-
BUX O3HAK. AJie MOXXHA TIPUITYCTUTH, 10 MK ITAMHU BUMAAKOBUMU (U1 TOCITITHAKA) 3HA-
YEHHSMHW ICHY€ BHYTPIIIHIN 3B’ A30K, caM€ BIH 1 JIO3BOJISIE BBAXATH O3HAKH, IO JTOCIHI-
JOKYIOTHCS, CKITAJJOBUMH CHCTEMHU BUTIAQAKOBUAX BEJTMUWH. [HIM cUTyaIlri BUHAKAIOTH y pasi
oprasizaitii JOCIIIIB 3a CXeMO ,,KOHTPOJIb TPyIa — JociigHa rpymna“ ado ,,J10 BIUIUBY —
nicas BBy, Ix Mu 6yaemo posrasaaTu B posa. 10.

7.2. CnijibHUIL poO3MoOALJI ABOX AUCKPETHUX BUMAAKOBHX BeJIMUNH

Hexaii pe3yabrata n 10CHIIIB

{(xl,y]), (xz,yz),...,(xi,yi),...,(xn,yn)}, (71)

y SIKAX BHUMIPIOBAJIMCH 3HAUEHHSA JBOX AUCKPETHUX KIUIBKICHUX O3HaAK X 1V, 300pakeHi
y BUTJIAJII 3aMKCIB 1aO0PaTOPHOTO XXYypHAITY, SIK MOKa3aHo B Tadm. 7.1,

Tabnuusa 7.1
Tocmin X Y
1 | 2|
2 X A%)
I X; Vi
n Xn Yn

Amnajoriyao moOy0B1 BHOIPKOBOTO PsiTy PO3MOAUTY YacTOT OJIHIET MTUCKPETHOI BH-
NajKoBOi BeIMUMHU (AuB. po3A. 4.7) po3noaAlIuMo 3HaueHHs {x;, i =1,...,n}, Akux HaOy-

Ja B AOCHIAl BenuuuHa X, 1 3HaueHHs {y;, i =1,...,n}, HaOyTI B 1OCH1Al BEJIMYMHOIO Y, BI-
AMOBIAHO 3a rpynamMH MOBTOPIOBAHMX 3HaueHb {x;, k=1....K} 1{y;, [=1,...,L}. Bin-

MIHHICTh OOpPOOKH BHUOIPKOBUX 3HAYECHBb ABOX TUCKPETHWUX BHUIIAJKOBHUX BEIWYWH BiJI 00-
poOKH BUOIPKOBUX 3HAUEHb OHIET TUCKPETHOI BUIAIKOBOI BEIMUMHUA OOYMOBJICHA THM,
MO B KOXXHOMY JOCTiAl 3HaueHHS BenmwuwH X 1) dopmysammes mapamu (7.1). OTxe,
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y pa3l po3noAuly 3HaueHb 3 JIabOpaTOPHOro KypHaly, TOOTO 3HaueHsb {x;, i=1,...,n}
BIpymu {x;, k=1,....K} 13HaueHsb {y;, i=1,...,n} Brpymu {y;, [=1,....L},
Mae 30epiraTucs 3B'A30K MDK 3HAUEHHSAMM X; 1 y;, L0 YTBOPIOIOTh HapH (X;,V;),

B PE3yJIbTaTI MATUMEMO HE JIB1 OTHOBUMIPHI TaOIUII-PAAN, a OJHY TBOBHUMIPHY — Ta0JIH-
IO CMLJIBHOTO PO3MOJLIY YaCTOT JUCKPETHUX BHMAAKOBHX BeJmunH X 1 Y, 300paxeHy
y BUTJIAA1 Tabm. 7.2.

TabOnuna 7.2
| ng_»n ny np_K
nl,o ”2,0 nk,o nK,o
Yi=r | ",L | "2, L Mg, L ng L | Mo L | ny=p
Vi m, 1 1 Nk 1 ng | N | ny
Yi=2 ny 2 np 2 g 2 ng 2 N, 2 )
Yi=1 1 n21 M1 ng .1 o 1 Ny
Xk=1 Xk=2 Xk Xi=K

KnituHku 1iei Tabnuil Ha NEpeTHH1 CTOBMYMKIB 13 3arojoBKaMu {x;, k=1,....K}
(3aroyIOBKM MICTATBCSA B HUKHBOMY PSAKY) 1 pAIKIB 13 3aronoBkamu {y;, [ =1,...,L} (3a-
TOJIOBKH MICTATBCA B JIIBOMY CTOBITYMKY) 3allOBHEH1 YMCIIAMM /1) 7, HA3UBAaHUMH YaCTO-

TaMHU KJTHHOK. YacToTa 7y ; KIITUHKU 3 HOMEPOM CTOBIUHMKA k 1 HOMEPOM psjka / mo-

Ka3ye, CKUIbKH pa3iB cepel BUOIPKOBUX map (X;,y;) 3yCTPIUAETbCs 30IT X; = X4, V; =].
CyMa 4acToT #y ; B CTOBIUMKY k TOPIBHIOE YACTOTI MOSIBU 3HAUEHHS Xj BEJIUYM-
HU X 0e3 ypaxyBaHHA MOSBU 3HAY€Hb AMCKPETHOI BUMaakoBoi BenuuuHu Y. L1 wactoTu

3alMcaHl B IPYroMy  3BEpXy PAAKYy TaOauIll  CHUIBHOTO  PO3MOALIY  YacToOT
1 MO3HAYEHI 7} ,:



L

I/Zk’o :an,l . (72)

/=1

Kpyxedok mo3nauae, mo 1HACKC / 3HUKAE, OCKUTHKA BIH BUKOPUCTAHUN y cyMi (7.2).
SO0 mpUMyCTUTH, MO 1HASKC K HAJCKHUTh 10 TUCKPETHOI BHUIAIKOBOI BETWYWMHH X, TO
4acTOTH Ay, , MOXKHA 3aMKMCaTH Y 3BUYHINA (opmi:

I/Zk’o =N, (73)

TOOTO Tak, SIK y pa3l 3amucy BUOIPKOBOTO PSAAY PO3MOAUTY YaCTOT TUCKPETHOI BHMAAKOBOT
BeIMYMHM X, KOIM B JOCHIAl HISAKI IHIN  JACKPETHI BHUIAJKOBlI  BEIHYHHU
HE po3rsaaarnTees (AuB. po3d. 4.7). YactoTu ny 3amucaHl B MEPIIOMY 3BEPXY PAAKY

Taln. 7.2. AHaJOr4YHO, HIIAXOM OOUUCIIEHHA CYM 4acTOT 7y ; MO PAAKaX /, 3HAXOAUMO

YaCTOTHU MOSIBY 3HAYEHb ); NUCKPETHOI BUMAAKOBOI BEJIMUUHU [

K
o | =h= Z”k,l : (7.4)
k=1

i wacToTH 3amucaH1 B IEPITAX ABOX CIIpaBa CTOBMUMKAX Tab. 7.2,
Axmo 3 T1abn. 7.2 B3ATHM PAAOK 3HAYEHb X; 1PAAOK BIAMOBIZHMX IM YacTOT Ay,

a TaKO’K CTOBIUMK 3HAUEHb }; 1 CTOBIYMK BIAMOBIIHMX iM 4acTOT #;, TO MaTUMEMO JBa

BHOIPKOBI PSAIX PO3IMOALITY YAaCTOT JUCKPETHUX BHMAAKOBHUX BelMuuH X 1Y, 300paxeHi
BIAMOB1AHO B Tabm. 7.317 4.

Tabmung 7.3
Xk Xk=1 Xk=2 Xk Xk=K
ny NE_1 Np_o ny NEp_x
Tabmung 7.4
Yi Yi=1 Yi=2 Yi YI=L
ny nyj—1 ny—» ny ni—r

Ili psaou po3moauriB  YacTOT MoOkHaA Oyino 6  OesmocepeHbO  OJepIKaTh
3 mabopaTtopHoro kypHamy (tabn. 7.1) abo, mo Tex came, 3 BUOIPKOBHUX
nap {(x;,y;), i=1,...,n}, ak6u obpodOka 3HaueHsb {x;, i=1,....,n} 1{y;, i=1,...,n} mpo-
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BOAMWJACS  TOPI3HO. 3ayMOBM  CHUIbHOI  0OpoOkuM  map  BUOIPKOBUX  3HA-
4yeHb {(x;,¥;), i=1,...,n} psAAM PO3MOALIIB YAaCTOT PO3TALLOBYIOTHCSA B KpalHIX psaKax
(HIDKHBOMY 1 BEPXHBOMY JIUTA BEMMUMHA X) 1 KpalHIX CTOBMUMKAX (JIIBOMY 1 TIPaBOMY ISt
BEJTUUMHM }) TaONWIll CHUTBHOTO PO3MOALTY 4acToT BenmwmuuH X 17Y. 3a el npuanHA
Tabn. 7.3 i 7.4 HA3WUBAIOTHCS MAPTIHAJIGHHMH' PSIAAMH PO3MOALILY YACTOT AMCKPETHHX
BHIIAAKOBHX BeJauunH X1 Y.

3 HaBeICHWX MIPKyBaHb BHIUIMBAE CIPABEUIMBICTG MPSIMOT0 TBEPIKEHHS —
3 TaOIUIN CIIJTEHOTO PO3IMOUTY YacTOT BeMWUrH X 1 ¥ MOXHA ofepKaTh MapriHajbHI Ps-
JIA PO3MOALTY YacTOT BETHUMH X 1 V.

3BopoTHE TBEPM:KEHHS € HEBIpHE, TOOTO 3 MApPTIHAIBHUX PAJIB PO3MOALTY YacTOT
BemuruH X 1) HE MOXKHA OJIEp)KATH TaOIHIN0 iXHBOT'O CIIUIBHOTO PO3MOAUIY HacTOT.
[Hakme KaXxyuw, KO IS JAHOTO JTOCHITY BIOMO, CKUTBKH Pa3iB 3yCTPIUAIACT 3HAUCHHS
{xt, k=1,...,K} BcroBmuuky X mnaboparopHOro >xypHamy 13HaueHHs {y;, [=1,....L}
B CTOBITYMKY Y Tab0OpaTOpPHOTO KypHAITY, TO CKa3aTH, CKUIBKHA Pa3iB y bOMY JOCHIAL 3y-
cTplyanacs napa 3HaueHb (Xj, ¥7), TOOTO CKIJIbKH pa3iB 3'sBJIABCA y 1a00OPaTOPHOMY KYp-

HaJIl PANOK X; = Xj, V; =], HE MOXKHA.
JIns1 JOBECHHS CKOPUCTAEMOCS BU3HAUEHHAM MapriHaJbHUX YacTOT, BUIIMCABILHU Bi-
AnoBiAH1 BUpasu (7.2), (7.3) ang BCIX 3HaU€Hb Ay 1 BIANOBLAHI BUpasu (7.4) 1 BCIX 3Ha-

YeHb 7 !

-‘ I/lel + I/lez + ...+ I/le[ + ...+ nl,L = Nr—
I/szl + n2’2 + ... + I/szl + ... + I/Z2’L = HNp—o

< , (7.5)
nkjl + nka + ...+ nkjl + ...+ I/ijL = ng
nK,l + I/Zsz + ...+ nK,l + ...+ nK,L = Np=x

’ I/lel + I/szl + ...+ i + ... + i = N4
no, + Npop + ... + Ngo + ... + Hgos = Nj—9

< . (7.6)
nljl + nzjl + ... + nkjl + ...+ I/ZK’[ = ny
my + ny + ... + Ry + ... + A = N

Bupazu (7.5) 1 (7.6) yrBOpIoroTs cuctemy K+/[ JMIHIAHUX PIBHSAHB MO0 HEBITOMHUX
YacTOT Ay j, YACIO AKX JOPIBHIOE YMCIY KIITHHOK y Tabn. 7.2, To6ro K L. Heobxinna

1R .
Bin nat. margo — xpaii, Mexa.
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yMOBa ICHYBAHHS €IMHOTO PO3B’SI3Ky CHUCTEMHU JHIHHUX PIBHAHG (7.5) 1(7.6) momsarae
B PIBHOCTI YMCJIa HEBIAOMUX /1, ; YMCITY PIBHSAHb, TOOTO Y BUKOHAHH1 piBHOCTI K+L=K L,

3BIIKHU
L K

K = abo L=——. (7.7)
K -1

h
L

Takum umHOM, y BUNAAKYy OJHO3HAYHOIO PO3B’ A3aHHSA CHCTEMU PIBHAHb B1IHOCHO
4acTOT My ; 3a BIIOMUMH MApriHaJIbHUMU 4acTOTaMU My 1 1; 4UCiIO K 3Hau€Hb JUCKPET-

HOT BUMAJAKOBOT BETMUUHU X 1 4UCIO [, 3HAUEHD TUCKPETHOI BUTIAIKOBOI BETMYWHU | 3B's-
3aHl MK co00r0 piBHICTIO (7.7). Ockinbku K 1/, € HaTypadpHUMH YuciIaMu, T0 K=1=2.
Otxe, 32 MapriHaIbHUMK YaCTOTaMU /1y 1 ; MOKHA BU3HAUUTH YAaCTOTH Hj ; TUIbKH IS

Tabnwmii 2x2. Y 3aralbHOMY BHIMAAKY 3 OJTHOBUMIPHUX TaOJWIb — PSIAIB PO3MOILITY YaCTOT
(tabn 7.3 17.4)— nBoBuMIpHY Tabmmito — Tabmmio wactot (Tabm. 7.2) — oxepkatu
HE MOkHa. H

SIkmo BcCl 4yacToTH Ng.|> Ng 1 n; (tabn. 7.2) pO3AUIMTH HA 4YMCIO JOCTIAIB A,

TO MAaTUMEMO TAOJMII0 CHIJIBHOTO PO3MOALILY BITHOCHHX YACTOT JUCKPETHUX BUMNA/-
KoBuX BesmunH X 1 ¥, BimoOpaxeny B 1adi. 7.5.

Tabmums 7.5
Rg=1 Rg=2 103 Np=K
nyL ny L g L ng L ni=p
Yi=L
n n n n n
ny ny | N | ng | n
Vi 1
n n n n n
ny 2 ny 2 N 2 ng 2 )
Yi=2
n n n n n
na na1 N 1 ng 1 ny—1
n n n n n
Xk=1 Xk=2 Xk Xk=K
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Sxmo B ymMoBaxX AaHOTO MOCIIMY CIIOCTEPITaeThes CTaduTi3aiis BiIHOCHWX dYac-

TOT My j/n, Ny /n 1 ny/n, TOAL Il YaCTOTH MOXKHA 3aMIHUTH CTATUCTUYHUMH HMOBIPHOC-
* * . & - . . .

TAMH pj 7, Pr 1 p7. B pe3ynprari MaeMo TabJMII0 CHiIBLHOIO PO3MOALTy (CTATHCTHY-

HHUX WMOBIipPHOCTEl) TUCKPETHUX BHMNAAKOBUX BeJTU4UH X 1 ¥, BimoOpaxxeHy y BUTIIAI
tabm. 7.6.

Tabnura 7.6
£ £ % *
Pk=1 Pk=2 Pk Pik=K
£ £ * £ %
Yi=L Pl L P2, L Pk, L PK,L | Pi=IL
* % * * %
Yi P11 P21 Pkl PK, 1 P
E £ E £ *
Yi=2 P12 P2, 2 Pk, 2 PK,2 Pi=2
* * * * %
Yi=1 P11 P21 Pk PK 1 Pi=1
k=1 Xg=2 Xk Yk=K

AHAJIOTIYHO PO3IJIALY TabNMIll CHUTBHOTO PO3MOALTY YaCTOT Ay ; 3 TabJHMIb CINijib-
HOTO PO3MOJITY BIAHOCHHX YaCTOT #y j/n 1 CTATUCTMYHUX HMOBIPHOCTEH p};l MO3KHA
oJepXaTh  MapriHajpHl  pAaM  PO3MOAUTY  BLAHOCHWX  4acTOT ny/n 1 ny/n
1 IMOBIpHOCTEH pz 1 p’; JMCKPETHUX BUTAIKOBHUX BeNWUMH X 1 Y. 3BOPOTHE TBEPHKCHHS

HE € BIpPHE, [0 JOBOJWTHCS TAK CaMo, K 1 y BUIAAKY TaOJMIll COIJIbHOTO PO3MOALTY Yac-
TOT Ng .

7.3. He3asexHi TMCKpPeTHI BUNAAKOBI BeJTMUUHH

VY po3a. 3.16 mogaHo BU3HAYCHHS HE3AJICKHOCTI IS IBOX SBWIII, 3ACTOCOBYBAHE IS
BUTIAIKOBHX MO1H. CKOPUCTYEMOCS MM BU3HAUYCHHSIM HE3QJICKHOCTI JUTSl IBOX JAWCKPET-
HUX BUTIAIKOBUX BennunH X 1 V. Tenep mociimkysani nporecu (aus. po3a. 3.16) taki, 1o
KOJICH 13 HUX HE MOXXHA ,,BHKITIOYUTH * — BUTIAJKOBI BEIVYWHH, Y TAHOMY BHITQJIKy IHC-
KPETH1, 3aBXId HAOYBarOTh B JOCHIIl SKI-HEOYyAb 3HAYCHHS 13 MHOXHHHU JOMYCTHMUX.
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[TpunmycTrMo, MO0 YMOBH JOCIIAY Taki, M0 TACKPETHA BUMAJAKOBA BeanunHa X HalyBae
OJIHE 1 T€ K 3HAUYEHH:A Xj . JlOCATHYTH LbOTO MOYKHA, 3aJIUIINBIIN B JJAOOPATOPHOMY XKYyp-

Hay (Tabn. 7.1) pe3ynbTaTél TUTBKH TUX JOCHTITIB, B AKX JTACKPETHA BHUMAJAKOBA BETUUH-
Ha X HaOyBae  oOpaHoro 3HayeHHsA X;. PosrmsHemo, 1m0  BIAOyBaeTbesA

31 CIOCTEPEIKYBAHUMH B JIOCII 3HAUCHHIMH JUCKPETHOI BHNAAKOBOI BeIMumMHHM Y. IcHYe
KUTbKa MOXJTUBHX CIICHAPIiB I pe3yiabTaTiB Takoro aociiay. [Ipoanamisyemo ix moxman-
HO.

1. JlmckpeTHa BHUIIAJKOBA BeIMYMHA ! y pa3l MOBTOPEHHS AO0Ciay HabyBae OJHE
1 T€ 7K 3HAYEHHA

a) AKIIO e 3HAUEHHsI OJIHE 1 T€ 7K 32 BCIX MOXKJIMBUX 3HAUY€Hb Xj , TO Y — crana;

0) AKIIO Iie 3HAUYEHHS 3MIHIOETHCS 3a THIIWX 3HAYEHb Xj, TO JUCKPETHA BUIAAKOBA

BeauurHA Y (PyHKITIOHAIBHO MOB'A3aHa 3 JUCKPETHOIO BHITAIKOBOIO BEIMYWHOIO X, 1HAK-
me kaxyuu, V=Y(X).

2. JIuckpeTHa BUMNAAKOBA BEIWUYWHA ) Y pa3l MOBTOPEHHS J0OCI1 Ty Ha0yBae pi3HI 3Ha-
yeHHs. [[o0yayeMo a1t BeTUIHHA ! PSAAM PO3MOALTY YaCTOT 1 BIIHOCHUX YacTOT Y BUTIISA-
A1 BIUMOBIIHUX CTOBIYMKIB 13 3arojoBkaMu Xx; (tabmn. 7.2 1 7.5). SAkmo gocmia nposene-

HUAW AOCTATHIO I cTadim3amii BIJHOCHUX YacTOT KUIBKICTh pa3iB, TO MOJYKHA CITO/IIBa-
E . .
THCh, IO 3HAYEHHA Py ; (TOOTO CTOBNYMK 13 3aTOJIOBKOM X; B Tabn. 7.6), CHUILHO

31 3HAYE€HHAMU y; (TOOTO KpaiHii 3/11Ba CTOBMUMK LI€T 3k Ta0A. 7.6), yTBOPATH psA po3Mo-

JUTY BETMYUHA Y. A BTIM 1€ HE TaK, OCKUJTBKH 32 YMOBOIO JOCHIAY AUCKPETHA BUTIAKOBA
BeJIMYMHA X € cTanoto, To0To {X =x;}. OTxke, id Toro mod ojepartu psAa PO3MOALTY

JUCKPETHOI BHIMAAKOBOI BEMWYWHU ! 3a I1i€i YMOBH, TOTPIOHO OOUYMCITIOBATH BIAHOCHI
YaCTOTH 1HAKIIE, HIK y Tad. 7.6. OCKIIbKH YHMCIIO JOCHTIAIB, y SKHMX BUKOHYBAJIacs yMO-
Ba {X =X} }, JOPIBHIOE 7}, TO BITHOCHI YaCTOTH AJiA MOOYAOBHU PsAY PO3NOALTY AUCKpE-

THOT BHWMAAKOBOI BEJMYWHHU ! 3 ypaxyBaHHSAM YMOBH JOCIIAY TOTPIOHO OOUYMCITIOBATH
TaK:

Mg Pkl on g /n
ny nong  ng/n

(7.8)

Ockimbku yMOBa c¢TadiI13a1li BIIHOCHAX YaCTOT BUKOHYETHCA (YHACTO JOCIIIIB 1 JIO-

% * .
CUTh BEJMKE), TO B CTOBITYMKY kK 3HAXOAATHCS 3HAYEHHA Dy | / py - llepm HLOK yBOOMTH

JUTSI HUX TIO3HAYEHHS, 3rafaemMo (Gopmyity yMOBHOI WMOBIpHOCTI (amB. po3a. 3.13), 3 sakoi
BUTIJTMBAE, 10 CTOBIUMK K, SAKWH CKJIQJAETHCS 3 TAKAX 3HAYCHB, SBISIE COOOI0 YMOBHI
HAMOBIPHOCTI TOTO, L0 AMCKPETHA BUIAAKOBAa BeaWuuHa ! HaOyBae CBOi 3HAUEHHA )

3a HacTaHHsA Toxii {X = x4 }. [To3sHAauMMO Li yMOBHi MOBIpHOCTI TaK:
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*

* * Pkl
P =Plk =% (7.9)
{X=x,} ' Pk
3BeICMO YMOBHI PSAIX PO3MOAUTY JHCKPETHOI BHIIAJKOBOI BEIMUWMHHM ) Y BUTIIAII
tabn. 7.7 (mo3HadyeH1 CIpUM KOJIHOPOM).

Tabmuus 7.7
Pllk=1 | Pllk=2 Pk Plk=K
* * * * %
YI=L Pl Pr)2 PLk PL|IK Pl=L
* * * * %
Yi Pin Pi2 e Plk e Pk pi
* * * * %
Yi=2 P2 P2|2 P2k P2k Pi=2
* * * * *
Yi=1 Pii P12 Pl|k PlK Pi=1
Xk=1 Xk=2 Xk Xk=K

[lapu, yTBOpEHI mepiinuM 3J11Ba CTOBIYMKOM 3HA4Y€Hb }; JTUCKPETHOI BUMAIKOBOI Be-

. . . *
JUYUHA Y 1 CTOBITUYMKAMH WMOBIPHOCTEH { Pk [=1,....L}, k=1,....K, cki1agarmTh
YMOBHI psiiul pO3NOALTIB (CTATUCTUYHUX HMOBIpPHOCTEIH).

Ilepmmii cipaBa CTOBITUMK p; — L€ HIMOBIPHOCTL, OOYMCIIEH] 3a HACTaHHA cTaduII3a-

cae . - * s
il BIZHOCHWX YacTOT 3BHYaiiHMM crocobom, To6To p; =n;/n. ToMy AaHWH CTOBITYHK
CMIJIBHO 31 CTOBITYMKOM 3HAUEHb }; YTBOPIOE 3BHUAWHUM PsAA PO3MOALTY AMCKPETHOI BU-

MajKoBO1 BemmuuHuy V. B TaOnuirl yMOBHUX PAAIB PO3MOALUTY BEIMUYUHU ) MOKJTHBI JIB1 13-
H1 CHUTYyarii.

1. YMOBHI psian po3moAUTY BEMWUWHU ! 32 PI3HWX 3HAYCHb BENMUWHU X HE BiAPI3-
HSIOTHCS OJUH B oaHOTO. Lle 03Hauae, Mo eKCIePUMEHTATOP HE TMOMITATH PO301KHOCTI
y UIMOBIPHOCTAX TIOSIBU 3HAUEHHS BEJIMYMHH ! y MOBrHX cepisx mocmimiB (s 3abe3me-
yeHHs crabui3aiii BIIHOCHUX YacTOT), MO BIAPI3HAIOTHCS 3HAUCHHAMHA Benwanan X. Tomi
€ TIICTaBW BBAXKATH, IO JTUCKPETHA BUMAIKOBA BETUUNHA | HE 3aJ1€KUTh BiJl TUCKPETHOI
BUTIAIKOBOI BETUUMHU X,

2. YMOBHI pSad PO3MOAUTY BEIWYWHHU ! 32 PI3HUX 3HAYEHb BEIWUYWHU X BIAPI3HS-
IOTHhCS OJTMH Bia 0AHOTO. TOA1 € MiACTaBy BBAXKATH, IO JUCKPETHA BHUITAIKOBA BEIMUAHA [V
3aJIEKUTH B1J TUCKPETHOI BUITAIKOBOI BETMUUHU X,
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[Tixi6'eMo miICYMOK HATITHX MIPKYBaHb, BJAIOUHCH 0 JSKUIPKOX BU3HAUCHB.
BubipkoBi psau 4acToT, BITHOCHUX YaCTOT 1 PAA PO3MOALTY JUCKPETHOT BUMAAKOBOT
BEJTUUMHY } HA3WBAIOTHCSA YMOBHUMH, SIKIIIO BOHH OJICP>KaHI 3a HACTaHHS MO/l {X = Xy }

YMOBHI1 BIJHOCHI YaCTOTH OOUYMCIIOIOTHCS AJIEHHAM 4acTOT /1y ; HE HA KUIBKICTh yCIX J0-
CIIAIB 71, @ HA KUIBKICTh JOCIIIIB A , y SIKUX HAacTaBasla Moais {X =X} } YMOBHI UMOBIp-

HOCTI p;‘ i (7.5) obuncmoroteea 3a Gopmynoro (3.14) (ams. posa. 3.13). Skmo xuckpeTHa

BUIAJIKOBA BeMuuHA X Mae K 3HAUEHb, TO B IUCKPETHOI BUIIAKOBOI BETUYMHU | BIIIO-
BIJTHO € K YMOBHHX PSIB YaCTOT, BITHOCHUX YaCTOT 1 PSIIB PO3MOILIIB.

JInckpeTHa BUTIAKOBA BEIMUMHA ! HA3WBAECTHCA HE3AJIEKHOK B/l TUCKPETHOT BHTIA-
nKOBO1 BenmmunHA X (III€ TOBOPSATH, MO AUCKPETHA BUMAJAKOBA BEIMUYHMHA ! HE 3aJICKUTH
BIJT TUCKPETHOI BUMAAKOBOI BEMUMUHHA X), SKITO YMOBHI PSAN PO3MOAUTY AUCKPETHOI BU-
MaJKOBO1 BEIMUMHA ! 32 PI3HUX 3HAYCHBb AMCKPETHOI BHUITAIKOBOI BETUYMHH X 301ratoTh-
csl.

I3 mpoTo BU3HAUCHHS HE3AJICKHOCTI MOXKHA BIJIpa3y kK oAepkaTu e oaHe. s mpo-
.. %
ro o0uncauMo 0e3yMOBHY HMOBIPHICTB p; TOTO, IO JUCKPETHA BUINAAKOBA BEJIWYUHA V

HaOyBae 3HauUeHHA );. 300pa3umMo noairo {Y = y;} y BUIIIAI CyMH HECYMICHUX MO
Y=y ={V=y3Q=
=Y =y X =xf+{X=xj+.. . +{X =xj+{X =xg})=
=V =y i{X=x}+..+{ =y} {X=x}+. .+ =y} {X=xg}. (7.10)

Tomi, 3a mpaBWyioM J0/MaBaHHS HMOBIPHOCTEH IS ACKLIBKOX HECYMICHWX TOJIN
(mmB. po3a. 3.11),

PY =y ) =PY =y X =xj+...+ =y {X =xg})=
= PUY =y X =)+ (Y =y (X = ag)) (7.11)
3acTOCOBYIOUM A yMOBHUX #HMoBIpHOcTed P({Y =y;}{X =x;}) no3Hauen-
Hs p;] & » L€l pe3ybpTar 3anuiemMo Tak:
* * * *
Pl =pLi+ P+t PR (7.12)

Jliisa kokHOT 13 HMOBIPpHOCTEH y TipaBiid gacTuHi (7.9) 3acTocyemMo mpaBmiio HT00yTKY
HMOBIPHOCTEH ISl ABOX JOBUTBHUX MOALH (mmB. po3A. 3.15).
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pll—pk lpl‘k 1,
*

pzl—Pk 2Pl\k 2>

S . (7.13)
Pkl = Pk Pk -

sk sk sk
PK.1 = Pk=K Pllk=K.

Tomi
K
sk sk sk
p; = Z(Pk Pz\k) :
k=1

3a BH3HAYCHHSIM HE3aJIC)KHOCTI JUCKPETHOI BUITAIKOBOI BEJIMUMHH Y BiJ JUCKPETHOI
. * .
BUITAIKOBO1 BEJIMUUHHU X BC1 3HAUEHHS Pk OJHAKOBI, TOOTO

* * *
v| D P |= P, k=LK (7.14)

—_—

=1

k!

K
* *
pr = Z(p;
k=1

OTrxe, 11e O/THE BU3HAUCHHS HE3AJICKHOCTI MOKHA C(hOPMYITIOBATH TaK: MUCKPETHA
BHITQIKOBA BEJIWYMHA ! HE 3aJICKHUTh Bl JUCKPETHOI BUIIAJKOBOI BEIMYHMHM X, SKIIO i
YMOBHHH P PO3NOALUTY 3a HACTaHHS KOXKHOT 3 MO I1H {X = xk} 30iraeTbcs 3 6€3yMOBHHAM
psAIOM po3moauTy. JlaHe BU3HAUCHHS € aHAJIOTIYHE BH3HAUCHHIO HE3aJIC)KHOCTI BHIIAIKO-
BUX MoAlH (auB. po3d. 3.16).

MoskHa iHakme chOpMYJTIOBATH BH3HAYCHHS HE3aJCKHOCTI JTUCKPETHOI BHITAJIKOBOI
BEJIMYMHHM ! B1J JUCKPETHOI BHMAAKOBOI BeIUUrHHU X. J{JIg IIbOTO yBEIEMO BHITAIKOBI TO-
Jui

A=W=xt}, B=U=y} C=W=x{r=yi=45"
& & &

Ix nocnigni AMOBIPHOCTI BiJNOBIAHO JOPiBHIOIOThH Pk> PJ> Pk 11X MOXHA oJepxaru

3 Tabn. 7.7.
bynemo BBakaTm, M0 AMCKPETHI BWIAAKOBI BEeTWYWMHU X Ta ! HE3aNeXKHI, SKIIO

wis oymp-sxkux kK =1,...,K i/ =1,..., L BukoHyeTbCs Taka piBHICTH:
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P(Cy 1) =P(Ax ) P(By) (7.15)
abo
Pk =Pk PI- (7.16)
3 ypaxyBanuaM (7.9) 13 piBHOCTI (7.16) BUIITMBAE, 1110
Pl =Pl - (7.17)

TOOTO MU OJIepKajIu paHimie chopMyIbOBaHE BU3HAUYCHHS HE3AJIC)KHOCTI JUCKPETHUX BH-
MaIKOBUX BEJTHUMH X 1 V.

Takum ke yuHOM MOKHA OyJI0 O PO3IJITHYTH YMOBHI PSJIHA PO3MOALTY AUCKPETHOI
BUTIAIKOBOI BeMWumHM X (3BEeACHI y BUTIIAAI Tabi. 7.8 1TMO3HAUEHI CIPUM KOJIBPOM),
1 JaTH BHU3HAUYCHHS HE3aJIC)KHOCTI BHIMAAKOBOI JHCKPETHOI BEIHMUYMHU X Bl JHCKPETHOI
BUTIAIKOBOI BeMUMHU [ . 3pO3yMUI0, IO MU 3HOBY O mpuinuiv m0 Bu3HaueHHA (7.16).
OTiKe, SKINO BEJIWYMHA Y HE 3aE€KNATH B X, TO ¥ BenuuuHa X HeE 3aJ€KHATh BiJa Y, TOO-

TO HE3AJIEIKHICTh JUCKPCTHUX BHUITAAKOBHX BCJIMYKMH € B3d€MHA.

Tabmurs 7.8
* * * *
Pk=1 | Pk=2 Pk Pr=K
* * * * *
YI=L L P2 Pk|L PK|L | Pk|I=L
* * * * *
Yi P P2yl Pk|i PK|l Pk|i
* * * * *
Yi=2 | Pii=2 | P2|i=2 Pk|l=2 PK|l=2 | Pk|l=2
* * * * *
Yi=1 | Pui=1 | P2ji=1 Pk|l=1 PK|I=1 | Pk|i=1
Xe=1 | Yk=2 Xk Yk=K
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I3 (7.16) BunmBae, 10 HE3aJCKHI TACKPETHI BUMAAKOBI BETHUMHN X 1 1 SBISIOTH
co00I0 Ty BHHATKOBY CHTYAIlIO, 32 AKO1 3 MapriHAJbHUX PAIB PO3MOALTY JACKPETHHX
BUTIAAKOBUX BeMunH X i ¥ (Tabn. 7.3 17.4) moxxe OyTu oAepxaHa TaOIHIs CIUTBHOTO PO-
smoauty (Tabm. 7.6), TOOTO BUKOHYETHCSA 3BOPOTHE TBEPKESHHS.

3a3HauMMO TaKOXK, IO HABE/ICHI BU3HAYCHHS HE3AJIC)KHOCT] TUCKPETHUX BHITAIKOBUX
BEJIMYMH CIIPABEJIMBl HE TUIBKH JUIS CTaTUCTUYHHUX IMOBIPHOCTEH, a ¥ IS KJIACHYHHX
(muB. posn. 3.5), ToO6TO cmocid obumcaeHHS HMOBIPHOCTEH HE € mpuHIUNOBHNA. OTXKe,
y Bupasi (7.16) 3ipouky, 1o BKa3ye Ha CTAaTUCTUYHY HMOBIPHICTh, MOXKHA BHJTYUUTH.

7.4. Jlif Ha1 AUCKPETHUMH BUNAAKOBUMH BeJIHYUHAMU

Hexait Bimoma Tabnuiis CHuTbHOTO PO3MOALTY TUCKPETHHAX BATIAIKOBHX BEJTMUWH X 1 Y.
Cymor (pi3HHUIIEI0) TUCKPETHUX BHUMAAKOBHX BeJuunH X 1) HA3WBA€THCA JIHC-
KpETHA BUTIAIKOBA BEIMUMHA Z=X~Y, psaa po3noaiTy sSIKOi OJICPKUMO 32 TAKUM TTPABUIIOM:
1) yrBopumo npsamuii 100yTOK MHOKWH 3HadyeHb {x;, k=1....K} 1 {y;, [=1,...,L},

TOOTO MHOXHMHY BCUIAKMX YynopsakoBaHux map {(xx,y;), k=1,...K, [=1,...,L} (aus.

po3a. 3.1);
2) nna map (xg, y;), WO YTBOPIOIOTH NMPSIMUNA J00YTOK, OOYMCIMMO BIAMOBIAHI 3HA-

YCHHA Xj T )]

3) chiBBIIHECEMO OOUYMCIIEH] 3HAYEHHA Xi + )y 1 iXHi KHMOBIPHOCTI py ; 3 Tabmumi
CIIUTHHOTO PO3MOALTY BeTHYMH X 1 Y,

4) 31 3HaUeHb X; + ); 1 AMOBIPDHOCTEH py ; CKIAAEMO DAA PO3MOALTY BEIMYHHH Z
3 ypaxyBaHHAM MOJKJIMBOIO 30Iry AEAKHMX 3HAU€Hb Xj; * )7 1HECYMICHOCTI BIAMOBIIHUX

ol (TOOTO 3 BUKOPUCTAHHAM TPaBWIA J0JAaBaHHA HMOBIPHOCTEH MJIsi HECYMICHUX TIO-
miv, muB. po3a. 3.10, 3.11).

Hpuxnanx 7.1. CoiabHAR PO3MOALT IUCKPETHHX BUNAAKOBUX BelWdurH X 1 Y 3amaHuid
Tabn. 7.9.

Tabmung 7.9
yi=3 =1 0,10 0,15 0,05
Vj=2r =0 0,10 0,05 0,25
yi=1=-1 0,05 0,15 0,10
(Y///’/’T Xp=1= 0 Xf=2 =1 Xp=3 = 2

[ToOymyemo psia po3moauTy BETUUNHY Z=X+Y 3a HaBEICHUM BHIIE TTPABUIIOM

1) yrBopuMo mipsimuii 0Oy TOK MHOKHAH 3HAUYCHD BEIMUWH X 1 V-

{(O: _1)9 (On O): (On 1)9 (19 _1)9 (19 O): (19 1)9 (29 _1)9 (29 O): (2: 1)}7

2) obuncauMO CyMH 3HaUYCHb B KOxHIM mapi: {—1,0,1,0,1,2, 1,2, 3};

3) cmiBiiHECEMO OOUYMCIIEHI CYMH 1 iXHI HMOBIPHOCTI 3 TAOJIHIN CHITHHOTO PO3TO/II-
ay: {0,05; 0,10; 0,10; 0,15; 0,05; 0,15; 0,10; 0,25; 0,05} ;

4) ckitameMo TOTIePEIHIH P PO3NOAUTY BEMMUMHHA Z y BUTIIAA1 Tadm. 7.10:
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Tabnuia 7.10

1 0 1 2 3
0,05 0,10 0,10 0,15 0,05
0,15 0,05 0,25
0,10

5) ckmagemMo OCTaTOYHUHN PSiJl PO3MOAUTY BETUUHHA Z Y BATIsAL Tad. 7.11:

Tabnmuua 7.11

1 0 1 2 3
0,05 0,25 0,25 0,40 0,05

Jlns HaourocTi Ha puc. 7.1 mokazaHl psaau posmoauty BenmwuwH X, Y 1 Z (moOymosa
pAmiB po3noAuTy BeawuwH X 1Y 3a TaOMUIEIO CIUTBHOTO PO3MOAUTY TOSICHIOETHCS
B po3a. 7.2).

[TosicauMo mepexia BiJ monepeaHsoro psamy posmnoauty (tadn. 7.10) no ocrarouHoro
psany posnoauty Bemwuuau Z (tabm. 7.11). Hanpuknan, HaOyTTs 3Hauenns z =0 Bemndu-
HOIO Z (nmB. Apyruii cToBmumK y Tadm. 7.10, 7.11) € HacaiAKOM HACTaHHA ABOX HE3aJICK-
HUX TOIIH

(Z=0={X=01{F =0} +{X =—D1}{V =1}

Omxe, 3a MPaBWIOM [OJABAaHHSA WMOBIPHOCTEH I IBOX HECYMICHHX TIOJIN
(muB. po3a. 3.10)

P(Z =0}) = P({X =0} ¥ =0} + (X =—1} {¥ =1}) =
= P((X =0} {¥ =0} + P({X =—T}{¥ =1}) =
=0,10+015=025.

Tak camM0 OOUHCITIOIOTHCA 1 WMOBIPHOCTI IHIMWX MOBTOPIOBAHWX 3HAUCHD BEITHUH-

HU Z, K1 TOPIBHIOIOTH 1 12, ®

Sxmo nuckpeTHi BHMAAKOB1 BenwurHHA X 11 HE3ajexH1, TO y pa3l MoOyI0BH PIdy
PO3MOALTY AWCKPETHOI BHIIAJKOBOI BEIMUMHH Z=X+) TaOMWIS CHUTBHOTO PO3MOILTY
HE MOTPIOHA, OCKIIBKKA WMOBIPHOCTI py ; HACTaHHA 3HAYEHb X; * )7 (IMB. MyHKT 3 mpa-

BUJIA HA C. 16) MOXyTh OyTH OOUYHMCIICHI O€3MOCEePEaHBO 3 PAMAIB PO3MOAUTY JUCKPETHUX
BUTIAJIKOBUX BEJWYWH X 1Y 3a yMOBHM 3aCTOCYyBaHHA TpaBWja MHOXXCHHS HMOBIPHOCTEH
JJ1 ABOX HE3ANEKHUX MOAINA: py ;= py p; (nuB. po3a. 3.17).
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0,4 1 ’

0,2 +

0,1 +

0,0 : :
-1 0 +1 +2 +3 x

o

o

+—o
o

-1 0 +1 +2 +3 z

Puc. 7.1. Psanu po3noainiB AUCKPETHUX BH-
najgkoBUX BeluuuH X, Y (nuB. Tabmn. 7.9) 1 Z
(mmB. Tabm. 7.11)

Ilpukaan 7.2. He3anexxHi 1UCKpeTHI BUMAAKOBI BenuuuHu X 1 Y 3a1ani psaaMu po3-
NoJiiB, 300pakeHUMU B Tab. 7.12 1 7.13 1 Ha puc. 7.2.



Xg=1 =0 Xp=p =1 Xk=3 =2
0,2 0,5 0,3
Tabmuma 7.13
Yiz1=-1 Yi=2 =0 Yi=3 =1
0,3 0,4 0,3
[Tobynyemo  psin po3moaily  JUCKPETHOI  BUMAAKOBOT  BeNMWUWHU Z=X-Y
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Tabnwuia 7.12

3a BIATIOBITHAM TPaBWIOM (uB. ¢. 16):

1) yrBopuMo mipsimuii 0Oy TOK MHOKHAH 3HAUYCHD BETMUWH X 1 V-

{(O: _1)9 (On O): (19 +1)9 (19 _1)9 (19 O): (19 +1): (29 _1)9 (29 O): (2: +1)}a

2) obuncauMO PI3HUIN 3HAUEHb y KOXHIM mapi: {-2,0,-1,2,1,0,3,2, 1};

3) cniBBegHECEMO OOUYMCIICHI PI3HUIN 1 iXHI KMOBIPHOCTI, OOUYHMCIICHI 32 TOTIOMOT OO
PAIIB PO3MOALTIB BETUYHH X 1 V-

{0,2-0,3;0,2-0,4; 0,2-0,3; 0,5-0,3; 0,5-0,4; 0,5-0,3; 0,3-0,3; 0,3-0,4; 0,3-0,3}=
={0,06; 0,08; 0,06; 0,15; 0,20, 0,15; 0,09; 0,12; 0,09} ;
4) ckytaieMo TIOTIEPETHIH PsiT PO3MOAUTY BETUUHHA /'

Tabnunga 7.14

-2 -1 0 1 2 3
0,06 0,06 0,08 0,20 0,15 0,09
0,15 0,09 0,12
5) ckaaeMo OCTaTOYHUHN P PO3MOAUTY BETUUHHA /.
Tabnmuua 7.15
-2 -1 0 1 2 3
0,06 0,06 0,23 0,29 0,27 0,09

Psin po3noainy Benmmunnn Z 300pakeHUi TakoX HA puc. 7.2. @

J{o0yTKOM (YaCTKOK) AMCKPETHUX BUNMAIKOBHUX BeJMunH X 1 /' HA3UBAETHCS JTUC-
KpETHA BUTIAJIKOBA BeMUWHA Z=X Y, pAM PO3MOALTY AKO1 OJEPIKYETHCS 32 TAKUM TIPABH-
JIOM:

1) yrBopumo npsamuii 100yTOK MHOKMH 3HadyeHb {x;, k=1....K} 1 {y;, [=1,...,L},
TOOTO MHOXKMHY BCUIAKMX ymopsakoBaHux mnap {(xx,y;), k=1,...K, [ =1,...,L} (nuB.

po3a. 3.1);
2) nna map (xg, y7), WO YTBOPIOKOTH NMPSMUHA 100YTOK, 00YMCIUMO BIAMOBIAHI 3HA-

ueHHs Xj - V; (X5 /yp);
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0,5 + 'Y

0,2 +

0,1 +

0,3 + . 'y
0,2 +

0,1 +

-2 -1 0 +1 +2 +3 z

Wl 1T |

Puc. 7.2. Panu po3noaiiiB AMCKPETHUX BUNAA-
KoBUX BenuuuH X, YV (nuB. Tabu. 7.12 17.13)
1Z (auB. Tabu. 7.15)

3) cniBBinHeceMo oOOuMCieH] 3Ha4eHHs xi - V; (xg/y;) 1 ixsi AMOBipHOCTI py

3 TabsuLl CUIBHOIO PO3MOALTY BUNIAAKOBUX BEIMYUH X 1 V;
4) 3i3HaueHb xg - ¥y (Xg/)y;) 1BIANOBIAHMX — HMOBIPHOCTEH py ;  CKIAAEMO

psl PO3NOAULY BEIUMYUHU Z, 3 ypaxyBaHHAM MOMJIMBOIO 30iry AEsIKUX 3HAYEHb Xj - )y
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(x; / ¥7) 1 HECYyMICHOCTI BIAMOBLAHUX MOAIH (TOOTO 3 BUKOPUCTAHHAM MpaBuiia A0JaBaHHs

HMOBIPHOCTEH JJIs1 HECYMICHUX TOA1H, aAuB. po3a. 3.10, 3.11).

Cyma (pi3Huis) i 100yTOK (YaCTKa) IBOX TUCKPETHUX BUIIAJKOBHX BEJTUYWH y3a-
raJIbHIOKTHCS JJIS1 JOBLIBHOI0 YHCJIa JUCKPETHUX BUMAAKOBUX BEJUYHH OUCBUIHUM
CIocoOoM:

U=X+Y+Z=(X+Y)+Z,
V=XYZ=(XY)Z, 1 T.1H.
BaacTuBocTi aiii Ha AUCKPETHUMH BUNAAKOBUMHU BeJIMYHHAMU

1. BubipkoBe cepente 3Ha4eHb CyMH (PI3HHUIN) AUCKPETHUX BHUIMAAKOBUX BEITMUUH X
1 ¥ nopiBHIOE cyMi (p13HHUIIN) iX BUOIPKOBUX CEPEIHIX:

mXiY =I’I’ZX imy (718)
I[ﬁ/iCHO, 34 BU3HAUYCHHAM BI/I6ipKOBOFO CCPCAHLOTO I[I/ICerTHOi BI/IHaI[KOBOi BCIIMYN-

HU X+Y, 3a/1aH01 CBOIM PsIZIOM PO3MOALTY BIAHOCHUX 9acTOT (uB. po3Ad. 4.11), 1 cymu (pi3-
HUIl) Xt} TUCKpeTHUX BUMAAKOBUX BewunH X 1 ¥ (muB. po3n. 7.4)

K K e K L K
mXiY:ZZ(xk— ’ =kZ_:Z kZ_:

I [\4\-

(7.19)

K L n
P
k= S—
K L
1 1
:—Zxknk i_ZYI”l =my tmy .
n n
k=1 =1

3ayBaskeHHst 7.1. 3BepHIThH yBary Ha Te, 0 BU3HAUCHHS HE3JIC)KHOCTI Y BIIACTHBO-
cTi | He BUKOPHCTOBYETHCS, OTXKE, ISl BIACTHBICTh CIIPABEIIMBA I Oy Ib-IKUX JTHCKPET-
HUX BAMAAKOBUX BeUduH X1 Y. A

3ayBakenHst 7.2. BractuBicTh 1 y3aralbHIOETBCS JUIS TOBLIBHOI'O YHCJIA BHITQIKO-
BHUX BEJIMUUH. A

2. MarematnuHe crioiBaHHS CyMH (PI3HMII) TUCKPETHAX BUTIAIKOBUX BETUUYMH X 1 1
JIOPIBHIOE CyM1 (PI13HHIN) iXHIX MATEMAaTHYHUX CITOiBaHb:

M[Xx +Y]=M[X]+M]r]. (7.20)
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JloBeIeHHS BUTLIMBAE 3 TIOTIEPEHBOT BIIACTHBOCTI, OCKUTHKH B ii (hOpMYIIFOBaHHI SIB-
HO HE BUKOPHUCTOBYETHCSA YUCIIO AOCTIAIB 77 (BOHO CTIPaBEUIMBE AJIs OYb-SKOTO YHCTa 1),
1 3 BU3HAUCHHS MAaTEMaTUIHOTO CTIo1BaHHs (MuB. po3a. 4.1414.17).

3. MatemarnuHe CHOA1BaHHA NOOYTKY HE3aJEKHUX AUCKPETHUX BUIATKOBUX BEJIH-
yuH X 1 Y nopiBHIOE 70OYTKY IXHIX MaTEeMaTHYHUX CIIO/IBAHb:

M[xv]=M[x]|Mm]r]. (7.21)

3a BHU3HAUCHHAMHM MAaTEMaTUYHOTO CIIOAIBAHHA AWCKPETHOI BUIAIKOBOI BEIIMUWHU
XY, 3amanoi cBOiM paIOoM PO3MOILTY, 1 JOOYTKY MACKPETHUX BUTIAIKOBUX BETMIWH X 1 Y

K L K L K L
MIXYI=Y" wvipis =YY xivipipr =) ) k) ipr) =

k=1 /=1 k=1 /=1 k=1 /=1
K

‘ \
=1 D xepi || D v

k=1 =1 J

= M[x|Mm[r]. (7.22)

3ayBaxenHs 7.3. BrmactusicTs 3 He MOXxHA chOPMYITIOBATH I BUOIPKOBUX Cepel-
HIX, TOMY IIIO y MpoIIeci ii JOBEACHHA BUKOPUCTOBY€ETHCSA BU3HAUCHHSA HE3AIECKHOCTI AMC-
KPETHUX BHWIMAJKOBUX BEMWYMH X 1), a OCTaHHE TPYHTY€TbCA Ha HMOBIPHOCTSX,
a HE Ha BIJHOCHUX 4YacTOTax, ToOOTO 3amiHa B (7.19) iiMOBIpHOCTEH BITHOCHHMHU YacTOTa-
MU OyJ€ HE3aKOHHA. A

4. BubipkoBa aucnepcist CyMH (pi3HHUIN) TUCKPETHUX BUTAIKOBHX BenmnduH X 1 Y mo-
PIBHIOE

“’g(iy = si( + s% 25y y, (7.23)

Ae sy y — BUOIpKOBa KOBaplalllsl JUCKPETHUX BUIMAJKOBUX BEIUUYUH X 1 Y, BU3HAye-

Ha HUXKYE.

Jliis moBeneHHs 1i€i BIAaCTUBOCTI BBEAECMO MO3HAUCHHA Z = X £ 1 i 3BEpHEMO yBary
HaTe, MO BUOIpKOBA AWCHEpCis BenuumHM Z, 0O0yMmoBiieHa BupazoMm (4.7) (amB.
po3a. 14.11), moxxke OyTtm oOUYHMCIIEHA SK CEPENHE 3HAUYCHHS KBaJpaTiB BIIXHUIICHD

(z; —my) 2 a00, 110 Te K caMe, sIK BUOIPKOBE CepeHE BEJIMUMHU (£ — my ) 2.

s% =M (7_m ) - (7.24)

Posropnytuii BUpa3s mjisi BEITUYUHA (Z —m Z)2 BUIUTUBAE 0€3MOCEPEAHBO 3 ii BU3HA-
YeHHS ¥ BJIACTUBOCTI 1:
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(Z-mz)*=[(X £V)=m yiy)]*=
=[(X £Y)—(my £mp)] *=[(X —my) & (¥ —my)] *= (7.25)
=X =my) 222X —m )Y —my)+ (¥ —my) 2.

OGuncnroroun BUOIPKOBE CEPEIHBE 3HAUCHHS 0JICPIKAHOTI0 BUPa3y, BapTO 3aCTOCOCY-
BaTH BIACTHUBICTH 1, 3BIAKH

2 2 2 2 2
Sx+r =M (x_m,) £2M( X YT —my) * My my =Sx +5y 285y,
(7.26)
ne §x y — BUOIPKOBA KOBapiawis:
1 K L
SX,¥ =Xy )Y ~my) = ;Z Z Mg (X —my) (v —my). (7.27)

k=1 /=1

3ayBaxenHs 7.4. OOTpyHTYBaHHS BJACTUBOCTI 4 SIBHO HE BUKOPHCTOBYE YHUCIIO JIOC-
JA1B, TOMY BOHO MOXe OyTH c(hOpMYTbOBAHO 1 IS qUCTIEPCii. A
5. lucnepcist cymu (pi3HUIN) AUCKPETHUX BUMAAKOBUX BEIMUWH X 1 ¥ JOPIBHIOE

DX +Y]=D[x]+ Dr]+2k[x,7], (7.28)

ne K [X Y ] — KOoBapiamis JUCKPETHUX BUIAIKOBUX BEIWUMH X 1 ¥, BU3HAUCHA HIDKUC.
JloBeIeHHA BUIUIMBAE 3 TIOTIEPEIHBOT BJIACTUBOCTI, y K1 BHOIPKOBI amcrmiepcii sg(

1 s)zz i BuGipKoBa KoBapiauis § yy 3aminsoThes aucnepeiamu DX | i D[Y] i xosapiartiero

K L
K[.Y]= D" pha G =)o —uy). (729)

k=1 I=1

Jlns koBapialli Tako)K BUKOPUCTOBYETHCS MO3HAYEHHS G y y , 3@ JOMOMOIOK SAKOTr0

BJIACTUBICTH MOXe OyTH 3aMncaHa Tak:

G%(iy = G%( + 612/ + 20 yy . (7.30)

6. lucniepcis cymu (pI3HHMIN) HE3AJCKHUX TUCKPETHUX BUIAIKOBUX BENIWUMH X 1V
JIOPIBHIOE CyMI iXHIX JAUCTICPCIi:
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DX +Y]=D[Xx]+ D|Y] (7.31)

abo

G%(iy = G%( + 612/. (7.32)

JloBeIeHHS TPYHTY€ETHCS HA TOMY, TIIO JIJIS HE3AJIC)KHUX JUCKPETHUX BUTIATKOBHUX BeE-
muunH X 1 Y ixHA koBapiaiis nopiBHIOE HyJo. JlificHo, skmio migctaBuT B (7.29) ymoBYy
HesanmexHocTi (7.16), To

K L K L
KLOY]= " " pepr G =)o —up) =) ) Ipi e =oollpy (v =y )l =
k=1 I=1 k=1 I=1

7 K )
:[Zpk(xk —Uy)
k=1

N 7 N

J

I
pr(yz—uy)

J\[= J

N\

‘K K ) I \
ES 3 £ S A Y| %

Zpkxk —Zpkux ZPW[ =) piny

= k=1 =1 )

J\ 1=
7 K N\ /7 [‘ N\
' % Y %
= HX_HXZPk HY‘HYZPZ =(uy —uy)uy —uy)=0. (7.30)
k=1 /=1

3ayBaxenHs 7.5. BrmactupicTs 6 He MOkHA CHOPMYITIOBATH JIJIs1 BHOIPKOBHX TUCTIEP-
Clii, TOMy 110 B YMOBI He3ajiexKHOCTI (7.16) BUKOPUCTOBYIOTHCA HMOBIPHOCTI, a HE BITHO-
CHI 4aCTOTH (IMB. 3ayBakeHHS 7.3). A

ITim16°emo migcymkwm, 310paBId OepKaH1 BJACTUBOCTI TOMAPHO — ISl BUOIPKOBOTO
CepeaHbOTO W BHOIPKOBOI aucrepcii y 1adbm 7.16 1111 MareMaTHYHOrO CIIOJIBaHHS
i muenepcii y Taén. 7.17°,

Tabnuia 7.16

BractuBicTh BUOIPKOBOTO CEPETHHOTO BnactuicTs BUOIpKOBOT AucTiepcii
1. JI;ms nOBUTPHUX JUCKPETHUX BHIA- 4. JInst NOBUTBHUAX JAMCKPETHUX BHIIA-
KOBHX BeJIMuuH X1V KOBHX BEJIMYMH X 1V
= + 2 _ <2 2
My+y =My Tmy . SXi_Y_SX+Syi2SXy.

? Jlnst 3pyusOCTI POGOTH BIACTHBOCTI y TaGi. 7.16, 7.17 HaBemeHi i3 iXHiME TOPSIKOBHMH HOMEPAMH
(nuB. c. 21 —24).
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Tabnmuua 7.17

BrmactuBoCTI MaTeMaTHYHOTO CIIOMIBAaHHS BnactuBocti qucnepcii

2. Jlust NOBUTBHUX JWCKPETHUX BWITAI- 5. JIng NOBUTBHMX JWCKPETHUX BWITAJI-

KOBHIX BeJIMUMH X 1 Y KOBHMIX BeJIMUMH X 1 Y
M[x +v]|=M[x]£M][r], DX +Y]=D[X]+ D[r]+2K[X,Y],
Hy+y =My Tuy. c%(ﬂ/:c%(+612/i26)(y.

3. Jlna He3ane)KHUX TUCKPETHHX BHIIA- 6. [l He3anmeKHUX JUCKPETHUX BHUIIAJ-

JKOBUX BeAYMH X1 Y KOBHUX BenauH X1 Y
M[xy]=Mm[x]Mm][r], Dlx +v]=D[x]+ DJr],
= 2 2 2
LWxy =UxHy. Cy+y =OCy tOVy.

7.5. CnijibHUIL po3MoAiJI ABOX iHTepPBaJbHUX i HEMEePepBHUX
BUIMAAKOBHX BeJIMUHH

PosrasHemMo gochia, y SKoMy BUMIPIOIOTHCS 3HAUCHHS HETICPEPBHUX BUIIAIKOBUX BeE-
auauH X 1 Y. 111 3HaueHHS Yy BHXITHOMY BHUTJISL SBISIOTH COOOKO 3aITUCH B JIAOOPATOPHOMY
xypHani (auB. Tabdn. 7.1) abo n map 3Hauens (7.1). Tak camo, sk 3a aHaizy BHOIPKOBHUX
3HAUEHb OJIHIEI HETICPEPBHOI BUMAAKOBOT BEIMUYWHU (32 OAHIEIO KUTHKICHOIO O3HAKOIO)
He OyJ10 ceHCy 00poONATH iX y BUTIIAM pAAiB 9acToT (amB. po3d. 4.8), Tak came Hemae
CeHCy 00poOsiaTH BUOIPKOB1 3HAYCHHS JABOX HEMIEPEPBHUX BHITAJKOBUX BEJIMUWHAX Y BH-
risaal Tabauis gyactot (nuB. posa. 7.2). Tomy OyaeMo HIiATH TaKAM YAHOM. 3a ajTOpHUT-
MOM, OTHCAaHUM Yy po3a. 4.8, yBeneMo i HEeTepepPBHOT BUIMAAKOBOI BETMUMHU X CHCTE-
my K 1HTepBamiB [ay,ap,q), k=1,...,K, a 1 HenepepBHOi BUIAKOBOI BEIUUYMHU [ —
cucremy L HTepBams [by, b;.1), [=1,...,L. Ilpamuii 1oOyTOK LIMX 1HTEPBAJIIB

[ag,agi1)x[b1,b111) (7.34)

BA3HAYA€ HA IJIOMIWHI (x, y) KL mpsMOKYTHUKIB (KTITHHOK), JIIBa W HIKHA TIISTHKA MEXI
AKUX HAJEXKaTh iM, a TIpaBa i BEpXHS MUISHKU Mexi — Hi. Hagam Oynemo mo3HaydaTu Kii-
TUHKH MMapoto 1HaeKCiB k11— (k, [).

SKimo koxkHY napy BUOIPKOBUX 3HadeHb (X;, y;), [=1,...,n po3rasaatu Ak aexap-
TOB1 KOOPJAMHATH TOYKHW HA IUIOMHHI (X, )), TO BCl BUOIPKOB1 3HAYSHHS MOXHA 300pa3uTH
y BUTJIAA1 7 Touok. OnepikaHe 300pakKeHHS MHOKWHH 7 TOYOK, IO BIAIIOBIJIAIOTH BHOIP-
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KOBUM 3HadeHHsM (x;,y;), i=1,...,n, Ha3UBaeTbCs KopeJsiliiHUM moJjiemM abo aiar-
pamoro posciroBanHs (puc. 7.3).

0 : | | : : : : : :
0 a,-; Ay Ay a) A1y ag Ak, X

Puc. 7.3. Kopensuifine mose 11 BUOIPKOBHX  J@aHUX, HaBeIEeHUX
B JJabopaTtopHOMY XypHaii (auB. Tadm. 7.1 abo (7.1))

3ayBaxkeHHs 7.6. 300pakeHHS KOpEJSALIAHOrO MoJyisi He MoTpedye HaHEeCEeHHS MexX
KJIITHHOK (k, [). Ha puc. 7.3 Mexi mokaszaHi 3 MipKyBaHb 3pYYHOCTI MOJAJIbIIOT 00poOKH
BUOIPKOBHMX 3HAYEHb. A

OGumcIMMO 33 KOPENSLIAHUM T0JIEM KUIBKICTb 1y ; (4acTOTy) BUOIPKOBUX 3HAYEHD

y KoxHi# kiaituHii (k, /) 1 ckinageMo 1BoBUMIpHY Tabmauio (Tadia. 7.18), Ha3uBaHy iHTEp-
BAJbHOK TAOJHIE CHJIBHOIO PO3MOJLIY YACTOT HEMEpPepBHUX BUMAJKOBHX BEJH-
ynH X 1 Y.

VY nepuioMy 3HU3Y PSIKY ¥ MepHioMy JIiBOPYY CTOBMYMKY TaOJHIIl MO3HAYEHI HOME-
pu k i/ xiituHOK (K, [).

SIK 1 Ay TUCKPEeTHUX BUTMIAJAKOBUX BEJIMYMH X 1 Y, 71 HemepepBHUX BUIAKOBUX Be-
mavrH X 1 Y MOKHA MiZICYMOBYBAHHSIM YacTOT 71 ; 3 CTOBIYMKAMH 1 PAIKAMH OJ€PIKATH

4acTOTU My W 1, 300paxKeHi B MepLIOMY 3BepXYy PSIKY i MepLIOMY MpaBOpYyY CTOBIUUKY
Tadn. 7.18.
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Tabnuia 7.18

np—1 =) ng nE_g
I=L np nyJ . g I . ng I, nj-g,
L ny ny | . gy . ng | ny
=2 ny 2 %) . N 2 . ng 2 )
=1 ny 1 ny 1 . N 1 . nK 1 ni-1
k=1 k=2 k k=K

Hwoxniii 1 BepxHiil pAaku Ta JIBUN 1 MpaBUil CTOBYMKH IHTEPBAJIbHOI TAOIUIIl CIT1JTh-
HOTO PO3MOUTY YacTOT yTBOPIOIOTH IHTEPBAJBHI PAAN PO3MOAUTY YacTOT HEMEPEPBHUX
BHITQIKOBHX BeJIMUMH X 1 Y, aHAJIOTTYH]1 PO3MIISHYTHM y po3. 4.8.

Tak camo, K 1 32 PO3TIIAAY TadIWIb CILIEHOTO PO3MOALTY YaCTOT JUCKPETHUX BHIIA/I-
KOBHMX BeIMYHH X 11 y po3a. 7.2, MOKHA JOBECTH, IO 3 IHTEPBAIBHUX PSAIB PO3IOALTY
HETMEPEPBHUX BUIAIKOBHUX BEIMUUH X 1 V 1HTEpPBANBHY TAOIUITIO PO3MOALTY YacTOT OJEp-
KaTH HE MOJKHA.

VY Takuii xke cnocid, sk Oysio 3podeHo 3a 00poOKkH BUOIPKOBUX 3HAUCHD AUCKPETHUX
BHIQJKOBAX BeIWYWH X 1Y, MOXKHAa BBECTH IHTECPBaJbHI TaONMIN BIJHOCHHUX dYac-

. . : L X e
TOT My j /N 1 CTATUCTUYHUX WMOBIPHOCTEH py ; (yMOBa cTabumizauii BIIHOCHHX YacTOT

BBAXKAETHCA BUKOHAHA).

[aTepBanbHa TAOMWIA HMOBIPHOCTEH CHUTFHOTO PO3MOAUTY BHMAJAKOBUX BEITUUMH X
1 Y naBenena B Tabm. 7.19.

BigrocHO 1HTEpBaTbHUX TAOMUIh CIUTBHOTO PO3MOAUTY YacTOT 1 BIJHOCHUX YacCTOT
(CTaTUCTHYHWUX WMOBIPHOCTEH) 3a 3MIHA 00CATY BHOIPKH /1 1 IMUPUHA IHTEPBATIIB Ad1 Ab
CIpaBEJIMBI T1 3K TBEPUKEHHS, 110 Oynm paHiiie chopMmyaboBaHi B po3a. 4.9 mist 1HTEp-
BaJIbHUX PsJIIB OJHIE] BUMAAKOBOI BEIMUMHH. TOMY BBOAMTHLCS 1IHBApPIaHTHA MO0 3MIHU
obcary BuOIpKH 7 1 UpHUHA 1HTEPBATIB Aa1 Ab BenmunHa

*

fri= L, (7.35)

Aa Ab’
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1[0 HA3UBAETHCA BUOIPKOBOK (PYHKUIE€ I'yCTHUHHI CHIJILHOTO PO3MOAIJIY HelepeBHUX

BHUIAJAKOBUX BeJIM4HMH X 1 Y. 31 3HaueHb fj ; JUId BCIX KIITUHOK (k,/) omepkumo 1HTEp-

BaJIbHY TaONMMI0 BHOIPKOBOI (PYHKIN TYCTHHH CHUTRHOTO po3moAutry X 1Y, HaBedcHY
B Taba. 7.19.

Tabnuia 7.19

sk * X *
Pk=1 | Pk=2 Pk Pk=K
sk K sk £
I=L PLL P2l - Pk.L - pr.L | M=L
* % * *

! Pl P2l - Pkl - PK.L ny
=2 P12 P22 s Pk v Pr2 | Mi=2
=1 Pl P21 " Pkl " PK.1 ni=

k=1 k=2 k k=K

Tabnuia 7.20

Jrk=1 | Jik=2 S Jk=K
=L Al far - iy - fxr | =L
sk sk * %

! 1 21 Tr1 L ny
=2 f1T2 f£2 Tk 2 fk2 | M=2
* £ 3 sk *
=1 f11 f21 Tk fk1 | M=
k=1 k=2 . k .. k=K
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[Nicrorpama BuGIpKoOBOi (pyHKIT TycTHHE 300paskeHa Ha puc. 7.3. OyHKIiS TyCTH-
HH f(X,)) CHOUIBHOTO PO3MOMALTY HEMEPEPBHUX BHITAAKOBUX BeawumH X 11 € pe3ynbra-

TOM TpaHudHOTO TIepexony n —> N, Aa—>0 (K - »), Ab—>0 (L - «) mist BUOIpKOBO1

(dbyHKIIi TyCTHHH /: 7. I'padixom pynkuii rycturau f(x, y) € BIANOBIAHA TOBEPXHS.

Tenep nepeiinemo 10 GhopMyITIOBaHHS 03HAYEHD HE3AICKHOCTI HEMEPEPBHUX BUTIA/I-
koBUX BenmmuuH X 1 V. Bynemo BBaxatu X 1V 1 3py4HOCTI 1HTEPBAIBHUMHE, TOOTO TaKH-
MU, BCl JJaH1 TIPO K1 HABOAATHCS T KINTHHOK (k, /).

InTepBa/sIbHA BUTIAAKOBA BeJMYNHA Y He 3aJIe:KUTH Bijl iHT€PBAJIHLHOI BHIIAAKO-
BOI BeJHMYMHH X, AKIIO YMOBHI THTEPBAIBHI PAAM PO3MOMALTY BWIAIKOBOI BEIWUYWHHA )
3a HACTaHHsA oIl {0y < X <ay,q}, k=1,...,K e Maiike 0[HAKOBI.

InTepBa/sIbHA BUTIAAKOBA BeJMYNHA Y He 3aJIe:KUTH Bijl iHTEPBAJILHOI BHIIAAKO-
BOi BeJuumHHM X, SKIIO YMOBHHUH IHTCPBAJIbHUN PAI BUMAAKOBOI BEIWYMHU [
3a HACTaHHA Oyab-aKoi momii {ap <X <ag.1}, k=1,...,K wmaiixe 36iracthcs 3 inTepBa-
JHHUM PSAOM PO3MOAUTY BUTIAAKOBOT BETUIMHHM Y.

SIkmo  BBECTM  JONOMDKHI ~ BMIAJKOBI  HOALL Ay ={ap <X <apiq},

c N . . . . * *x *
By =y <Y <bjy15, Cpj=AxB; 3 BIANOBIAHWMK WMOBIPDHOCTAMHM Py, p; 1 Pgj, TO
YMOBH HE3aJI€KHOCTI IHTEPBAJbHUX BUMAAKOBUX BeIUUUH X 1) B HaBEJAECHUX JBOX O3HA-

YEHHSIX MOXYTh OyTH C(hOPMYIIhOBaHI OJHAKOBO K BUKOHAHHS (3BUYANHO, TIPUOIH3ZHE)
TaKoi PIBHOCTI:

Pk.1=Pk P]. (7.36)

3BIJICH JICTKO JIOBECTH, IO SKIIO 1HTEPBaJIbHA BHUIAIKOBA BEIWUYMHA ) HE 3aJICKHUTH
B1JI IHTEPBAJILHOI BHITQJKOBOI BEIMUMHM X, TO 1 IHTepBaJIbHA BHMAAKOBA BEIMUYMHA X HE
3aJICKHATH Bl IHTEPBAJIBHOI BHITAJKOBOI BEIMUHMHHM Y, TOOTO HE3aJCKHICTh 1HTECPBAIBHUX
BWIIAIKOBUX BEJTWYMH € B3aeMHa (A¥B. po3m. 7.3).

Skimo Oynb-sKe 3 HaBeACHUX BHUIIE PIBHOCHIBHUX O3HAYEHD HE3aJCKHOCTI 1HTEPBA-
JHHUX BHIAJIKOBHX BEIMUMH X 1 ¥ ciipaBeiuBe 3a OyIb-IKOT0 JOCTaTHHO BEIIMKOTO YHC-
na iaTepBajiB K 1 /. abo, o Te % came, 3a Oyap-AKOi JOCTaTHRO MaJIOi MAPHUHU 1HTEPBa-
mB Aa 1 Ab

Aa=ay_s—ay_1=Aap_3 —dj—n =...=dg 1 —dg , (7.37)
Ab=bj_n—bj_1=bj_3—bj_r=...=b; .1 - by, (7.38)

TO MAEMO MICTAaBY TOBOPUTH, IO iHTEPBaJIbHI BUTIAAKOBI BeJmunHH X 1 ) He3aJIeKHi.
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7.6. lif Ha1 iIHTepPBAaJILHUMM TAa HeMEePEePBHUMM BUINAAKOBUMHU BeJIMUHHAMU

PosrasuyTi B po3a. 7.4 aii Hax AMCKPETHUMH BUMAAKOBUMHA BEIMUHMHAMMY, 33TaHAMH
TAONMIICIO CIUTBHOTO PO3MOALTY abo psaaMu po3MOAUTY (IS HE3AIC)KHUX BEJTUYMH),
3 HE3HAUHWMH 3MIHAMH TTEPEHOCATHCA HA IHTEPBATbHI BETUUHHH.

Hexait Bigoma Tabnuiig CouIbHOTO PO3MOAUTY 1HTEPBATBHUX BUTIAAKOBUX BEJTMUUH X
17.

Cymoro (pi3HHIIEH0) iHTEPBAJIHLHIX BUMAAKOBUX BeJMUNH X 1 V' Ha3WBa€eThCA 1HTE-
pBajJibHA BUMAAKOBA BEIMUMHA Z=X=Y, psif PO3MOALTY IKO1 OJEPKYEMO 32 TaKUM TIPABH-
JIOM:

1) yrBoproemo npsamuil no0yTok 1HTEpBamB [ay,a;.1)x[0;,0;1), k=1,....K,
[=1,...,L, TOOTO MHOXHHY BCUIIKMX YMOPAJKOBaHUX Map 1HTepBamiB ([aj,dp )X

x[by,b741)) (ume. posa. 1.3);
2) s map 1HTEPBAIIB, MO YTBOPIOIOTH MPSAMUN A00YTOK, OOUHCTIOEMO TIapH 3Ha-
4eHb ay by, ayq £ by, 1, 10 CKIAJAIOTE IHTEPBAI 3HAYEHD BEJIUUUHH Z;

3) chiBBlAHECEMO OOYMCIIEH] IHTEPBAIM 3HAUeHb [ay + by, ap £ b, ) Benuunnu Z

1 1XH1 AMOBIPHOCT1 py ; 3 TaOIWLI COLIBHOTO PO3MOALTY IHTEPBAIBHUX BUIAIKOBUX BEJIH-

yuH X1 Y,

4) 3 1HTEepBalB 3HA4YEHb [a} by, a;,) £ by,1) 1HMOBIpHOCTEH p;l CKJIAJIEMO 1HTE-
pBAIBHUN pAA BEeTWUMHU Z=X=+) 3 ypaxyBaHHAM MOJXKJIHBOTO TEPEKPUTTA IHTEPBa-
mB [ag £by,a b)),

Ipuxnanx 7.3. [aTepBanbHl BUNAAKOBI BEMMUMHA X 1 Y 3amaHi 1HTEPBAIBHOIO TaOIH-
IICI0 CHLILHOTO PO3IMOALTY, 300pakeHoI0 B Tabm. 7.21.

Tabnuua 7.21

N =1 =2 =3
y [0, 1) [1,2) 2. 3)
=2 [0, 1) 0,10 0,25 0,10
=1 [1,0) 0,20 0,15 0,20

[ToOyayeMo 1HTEpBAIBHUN PAJ PO3MOAUTY I1HTEPBAJbHOI BHIAAKOBOI BEIMYHHH
/Z=X+Y 3a HaBEJICHUM BHIIIE MPABHUIIOM:
1) yTBOpUMO MHOXXHHY BCUTAKHX YITOPSAKOBAHUX TTap THTEPBATIB
{10, 1Y(-1, 0); [0, 1[0, 1); [1, 2)([-1, 0); [1, 2)([0, 1); [2, 3)[-1, 0); [2, 3X[0, 1)}
2) yTBOPUMO MHOXXHHY 1HTEPBAJI1B 3HAUCHD BEJIMUWHA
(-1, 1),10,2), [0, 2), [1, 3), [1,3), [2, 4)}:
3) cmiBBiAHECEMO OOUMCIICHI IHTEPBAJIH 1 1XHI HMOBIPHOCTI
{0,20; 0,10; 0,15; 0,25; 0,20; 0,10} ;
4) mo3HAYUMO Ha OC1 Z MEXI1 IHTEPBAJIIB 1 BIAMOBIIHI iM WHMOBIPHOCTI (puc. 7.4).
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-1 0 +1 +2 +3 +4 z

Puc. 7.4. Mexi iHTepBaliB 3Ha4YCHb 3 TIEPEKPUTTAM Ta
1XH1 KMOBIpHOCTI JUIsl BeIUYUHU Z (UB. MPUKI. 7.3)

3 ypaxyBaHHSM MEpPEeKpUTTS IHTEpBAIIB 1 NPUIIYLIEHHS MPO PIBHOMIPHUN PO3MOALT
ycepennHi 1HTepBajiB yBeIeMO HOBI IHTEpBaIu W CKJIaJieMO IHTepBAJIbHUN psJl BEJIUYH-
HU Z, 300pakeHuid y Tadim. 7.22.

Tadomung 7.22

[=L, 0) [0, ) [1, 2) [2,3) 3, 4)
0,100 0,100 0,050 0,100 0,050
0,050 0,075 0,005
0,075 0,100 0,125
0,125

OcTaTouHu#l BUTJISIA IHTEPBAIBHOTO Py 300pakeHuid y tadiu. 7.23.

Tadomuns 7.23

=1, 0)

[0, 1)

[1,2)

[2, 3)

[3.4)

0,100

0,225

0,350

0,275

0,050

[NicTorpamMu iHTEpBaJIbLHUX PAAIB PO3NOALTY IHTEPBAIBHUX BUMAIKOBUX BEUUHH X, V
1 Z 300paxkeHi Ha puc. 7.5.
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-1 0 +1 +2 +3 +4 x

-1 0 +1 +2 +3 +4 z

Puc. 7.5. I'icrorpamu iHTepBaJIbHUX BHUIIA]I-
KOBHX BeTM4MH X, Y, Z (nuB. IpuKi. 7.3)

BimznauuMo, 110 iHTepBajbHA BeJIWYWHA-pE3yJbTAaT MOXe OYTH ojep)kaHa
HEe €JMHUM CIOCOOOM. SIKIIO YKPYMHUTH 1HTEPBaAIH, TO MOKIMBUHN 1HTEpBATBHUN Pl IS
BEJIMYMHHU Z HaBeJIeHui B Tadn. 7.24, 7.25:
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Tadomung 7.24

=L, D) [1, 2) 2, 4)

0,200 0,050 0,100

0,050 0,075 0,125

0,075 0,100 0,050
0,125

Tadomung 7.25

=1, 1) [1.2) 2, 4)
0,325 0,450 0,275

-1 0 +1 +2 +3 +4 7z

Puc. 7.6. I'icrorpama BeJIMYUHH Z TICIS YKPYII-
HEHHS iHTepBaliB (quB. npuki. 7.3 Ta puc. 7.5)

['icrorpama iHTEpBAJIBHOT'O PSIYy PO3MOAUTY IHTEPBAIBHOI BUIMAIKOBOI BEJIMYUHU Z

3 Tabi. 7.25 moka3aHa Ha puc. 7.6. ®
Jlist Toro o0 BUKOHATHU il HAJ HEMEepepBHUMHU BUIAJKOBUMH BeluunHaMu X 1Y,
noTpiOHO 3a (QYHKIIIE€IO TYCTUHHM iXHBOTO CHUIBHOTO po3noainy f(x,)y) YTBOpPUTH iHTEp-

BaJIbHUM CIUIBHUA PO3MOMALN, JJIS SIKOrO BUKOHATH HEOOXimHI Aii 3 IHTEpBaJIbHUMH BEJH-
yuHamu X 1 Y. JIns oneprkaHoi iHTepBaabHOI BEJTUYMHU MOTIM MOTPIOHO BUKOHATH I'paHU-
yHuid nepexiny Aa — 0, Ab — 0, y pe3ynbTari SIKOTO OJepKUMO HEIepepPBHY BUIIAIKOBY
BEJIMYHHY.

[lepeitnemMo 10 po3IIISIAY BIACTUBOCTEH Mi HaJ IHTEpBAJIbHUMM W HElepEepBHUMHU
BHIIAJKOBUMH BEJIIMYHHAMH.
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PosrasayTi B po3a. 7.5. BIACTUBOCTI YHUCIOBUX XapaKTEPUCTHK CYMH (PI3HUIN) 1 J10-
OyTKY MTUCKPETHWUX BHITAJKOBUX BEIMYHMH X 1 } MOXXHA MEPEHECTH HA BUTIAJOK 1HTEPBAITb-
HUX 1 HETIEPEPBHUX BUTAJKOBUAX BETWYWH X 1V, OAHAK M1 TMOYATKY CIIA YTOYHHUTH TIO-
HATTS BUOIPKOBUX YUCJIOBUX XaPAKTEPUCTHK IS IHTEPBAJIBHUX 1 HETIEPEPBHUX BUTMAIKO-
BUX BEJIMYHH, aHAJIOTIYHO TOMY, SIK 11€ 3p0o0sieHo B po3a. 4.1617 4.,

JIiis iHTepBabHAX BHUIAIKOBUX BEMUWH X 1 ¥ i1 BUOIPKOBUM CEPEIHIM 3HAUCHHSAM
cymu (pi3HHUII) OyIEMO PO3YMITH BETMUUHY
1 K L
mx+y z—Z:Z:”k,l(xk 1), (7.39)
" k=1 1=1

1

17 BUOIPKOBUM CEPEAHIM 3HAYCHHAM JOOYTKY —

K L
]

myy =~ — ng 7 Xx , 7.40

XY nE E k1 Xk Vi (7.40)

k=1 /=1

117 BUOIPKOBOIO KOBApIaIlIEIO —

K L
1
SX,¥ z;zznka (Xg —mx )y —my). (7.41)

k=1 /=1

Biarak Bignosimgai BractuBocTi 1 14 3 po3n. 7.4 (muB. tabdn. 7.16) mns BUOIpKOBUX
YUCJIOBAX XAPAKTEPUCTHK IHTEPBAJILHUX BHMAAKOBUX BenwumH X 1Y OymayTh BUpakaTw
TUTbKA HAONFOKEHI PIBHOCTI (TIOAPOOUIT JOBEACHHS MOXKHA BITHOBUTH, 3BEPHYBIIHCH II1C
pa3 1o po3na. 4.7 17.4), ak npencrasiaeHo B Tad. 7.26.

Tabnuia 7.26

BractuBicTh BUGIPKOBOTO CEPETHBHOTO BnactuicTs BUOIpKOBOT Aucmiepcii
1. Jlnss 1OBINBHMX iHTEPBANBHUX BH- 4. JIns mOBLIBHUX IHTEPBAJbHUX BHUIIA-
MAJKOBUX BEJIMUMH X 1Y JIKOBHX BETHYMH X1V
m Rmy tm s2 L ~sS +sZ 2
Xty ®¥my tmy. Yiy RSy tSy E2syy.

JInsa HemepepBHUX BUMAAKOBUX BemwuuH X 1V Bupasm mias M[X £Y], M[X,Y]
1 K[X,Y] surmmBatots 13 (7.39) — (7.41) rpaHuuHAM TIEPEXOJAOM 3a YMOBH 1 —> N(0),
Aa—>0 (K-> o), Ab—>0 (L > w»):
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MLY. V1= [[Fe et pydsdy,

D

MY = ([ £Gexyaray,

D

KLY = [[ £ =)=y ey

D

(7.42)

(7.43)

(7.44)

Jliis HenepepBHUX BUMAAKOBUX BeaWdwH X 1V Hamam OyaeM BHKOPHCTOBYBATH Ta-

KWiA BUpa3 11 BUOIPKOBOi KOBapialtli:

n

1
SxYy =,—72(Xz' —mx ) y; —my),

i=1

BIJT IKOTO JIETKO mepeitu 1o (7.44).

(7.45)

[ToapoGur onep>xannsa Bupasis (7.42) — (7.45) nerko BIZHOBUTH, AKIIO IIE pa3 3BEP-
HyTHCS 10 po3Ad. 4.16. Iyt uncaoBuX XapakTEPUCTHK CyMu (Pi3HUIN) 1 JOOYTKY Hemepe-
PBHUX BUMAAKOBHUX BeMWuWH X 1) BractuBocTi 2, 3, 51 6 ms TUCKPETHUX BUMAAKOBHX
BeuunH X 1 ¥ (quB. po3a. 7.4, tabn. 7.17) nmepeHocsaThCs O€3 3MIHH:

Tabnuusa 7.27

BiiactiBOCTI MAaTEMAaTUYHOTO CHOIIBAHHA

BnactuBocti qucnepcii

2. JIis nOBUTBPHUX HETICPEPBHUX BHIIA/I-
KOBHUX BeJIMUYMUH X1 Y

M[X £Y]=M[X]+tM[Y],

Hyty =My tUy.

5. JIns mOBUTRHUX HEMIEPEPBHUX BUTIA-
KOBUX BeJUUHH X1V

DX £Y]=D[X]+ D[Y]+2K[X.Y],

2 2 2

Sy.y =0y toyt2cxy.

3. Jlna He3aJeKHUX HEMEPEPBHUX BU-
MaJKOBUX BEIUYUH X 1Y

MIXY]=M[X]M[Y],

Hxy =HxHy.

6. JIna He3aJeKHUX HEMEPEPBHUX BU-
MaJKOBUX BEIUYUH X 1Y

DX +Y]=D[X]+ D[Y],

2 2 2
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7.7. Perpecisi

Posrnsnemo xopensuiiine none, no0y10BaHe 3a 7 BUOIPKOBUMU 3HAUEHHAMM (X;, ;)
HETIEPEPBHUX BUMAAKOBUX BEMWYWH X 1 Y, 3 MOKa3aHWMHW Ha HbOMY KmituHkamu (k,[),
k=1,...,K, [=1,...,L,(mmB. puc. 7.2). Tak camo, 5K 1 y BUTIAJIKy BBEJACHHSI YMOBHHX Psi-
JIB 9acTOT, BITHOCHUX YaCTOT 1 YMOBHOTO Py PO3MOALTY HETIEPEPBHOI BHUITAIKOBOI Be-
avuuuHM ¥ 3a HactaHHA momli Ay ={X =x;}, OynemMo po3rnsgarv TUIBKA T1 BUOIPKOBI
3Ha4YeHHA (X;,);), AKI PO3TAIIOBAaH1 Y BEPTUKAIBHUX CMyTrax

lap sxj<apyy, =1 <y <bi=p1), k=1...K. (7.46)

Uncno takux BHOIPKOBHX 3HAUCHB, K 1I¢ BUILIABAE 3 TaOd. 7.2, MOPIBHIOE 1HTEPBA-
JBHUM 4acToTaM 71 . OOUMCIMMO 32 MMM 3HAUEHHSAMH YMOBHI BHOIPKOBI c€peH1 3Ha-

4yeHHd Y:

n
1
mY|{ak£X<ak+l}:mY\k:E Zyz', k=L...K. (7.47)

ira,<X<a,,

VY Bupasi (7.44) BpaxoBaHO, IO OCEPEIHIOIOTHCS TUIBKM T1 M 3 A 3HAYEHb V;, fAKI
BXOAATh A0 BUOIPKOBMX Map 3HA4YE€HHb (X;,);) 3 BIANOBIAHUX cMYT k (7.43). BuzHauumo
Ha KOPEIAMHHOMY T10JTi K TOYOK 3 KOOpIWHATAMH

1
(k. myjg), X = E(ak +agiy) (7.48)

JIe TIepIa KOOPAMHATA 3a/a€ MOJOKEHHS CEPEMHN CMYTH & Y30BXK OCI X, a Ipyra —
MOJIOKEHHS YMOBHOTO BHOIPKOBOT'O CEPEIHBOTO 3HAUCHHS ' B CMYy31 k y370BXK oci V. 3'en-
HYIOUYH 11l TOYKH BIIPI3KaMU TIPAMUX, OJEPKAMO CYIUTbHY jamany (puc. 7.7).

Jlamana, 110 3'€THY€ YMOBHI1 Cepe/TH1 3HAUCHHS my|j B CMyrax k, Ha3WBAETHCS JIHIEIO

BUOIPKOBOI perpecii BUNMAAKOBOI BeJU4YuHU Y no BunaakoBiii BesimunHi X (perpecii
iHTepBaJIbLHOT BUNAIKOBOT BeJIUYUHHU Y 1o iHTepBaIbHIll BUNaaKoBii BeuunHi X).
AHAJIOTTYHO MOKHA PO3TJISTHYTH TOPH30HTATbHI CMYTH

{ak:1£xl~<ak:K+1}, {blﬁyi<bl+l}, [=1,....L, (7.49)

y KOXHIH 3 IKHX OOYHMCIITA YMOBHI BUOIPKOBI CEpEIH1 3HAUCHHS 1HTEPBAJIbHOI BUMAIKO-
BOi BeJIMUMHU X 32 HACTaHH BIANOBIAHUX oAl By ={b; <Y <b;1}:



37

n

1
MX|{b,5Y<b,+l}=MX|z=g in, I=1,...,L. (7.50)
i:b,<Y<b,,

[lo3Haunmo Ha KopessiiHOMY MOoJi L TOUOK 3 KOOpAUHATAMHU

1
(mxi,v[), ¥ =2 +bry) (7.51)

1, 3'eAHABINM TX BiIpi3KaMH MPSAMUX, OJIEPKUMO MYHKTHPHY JlaMaHy (puc. 7.7).

0 : | | : : : : : :
0 a-; Ay Ay ay Apaq ag Ay, X

Puc. 7.7. Jlinii perpecii Ha KopensiiHOMY Mo

Jlamana, 1o 3'eIHy€ YMOBHI cepeiHi 3HAUCHHS m X|1 B CMyrax [, Ha3uBaeTHCS (BHOIP-

KOBOIO) iIHTEPBAJIbHOK perpeciclo BUNAJAKOBOI BeJJHYMHH X MO0 BHNAJAKOBIil BeJH4n-
Hi Y (BuOipkoBoI0 perpecicio iHTepBaJbHOI BUNAAKOBOI BeJIHYUHH X MO iHTepPBAaJIb-
Hilli BUnaaKoBiii Beauunni Y).

3a gomomoror rpaHuvHMX mepexoniB Aa —0, Ab—>0, n—> N(©) MOXHa

3 BUOIpKOBUX JIiHIHM perpecii onepxatu (reHepalibHi) JiHil perpecii. Po3risaemo mokinan-
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HO OpraHI3aIliio TPAHNYHMX MEPEX0/IIB Ha Mpukiaal perpecii ¥ mo X. Crouarky 3adikcye-
MO YHCJIO BEPTHKANBHUX cMYT K mupuHoto Aa # Oyaemo 30utbimyBaT 00CAT BUOIPKH 7.
[Ticns mocsrHeHHs cTabuTi3aii BIJHOCHUX YacTOT Y KOXHIN 31 CMYT k£ 3aMICTh YMOBHHUX
BUOIPKOBUX CepeaHiX 3HaueHb (7.44) Oyaemo oOUMCITIOBATH YMOBHI MaTEeMaTHYHI CIIOJI-
BaHHA

MY [{ag <X <api13]1=WUyja, <X<a,,,} (7.52)

[Xx MOXXHA MO3HAYMTH HA KOPENALIHHOMY MO B KOXHIM cMy3i y Burisagi K To-
* . . o .
90K (X, My (a, <X <ak+1}) 13'e1HaTH TamMaHoo. Biarak nepeinemo 1o rpanuti 3a Aa — 0

(K — o0), TpOIOBXKYIOUH 30UTBIITYBATH OOCAT BUOIPKH 1. Y pe3yabTaTi MAaTHEMEMO TJIAAKY

JIHIIO perpecii HemepepBHOI BHMAAKOBOI BEJIMUHMHM [ 110 HEMIEPEPBHIM BUIIAIKOBIH BEIIH-
ypH1 X'

MY [{X =x}]=uy| x=x} (7.53)

300pakeHy Ha pHc. 7.7 CYIUIBHOIO JIHIEIO.
Tak camMmo MOXHA oepKaTH JIIHIIO perpecii HemepepBHOI BUMIAAKOBOT BETUINHH X 110
HETIePEPBHIH BUIIAIKOBINA BEJIMUMHI Y-

MIX Y =yi]=nxy=y1. (7.54)

300pakeHy Ha TOMY K PUC. 7.7 MyHKTHUPHOIO JIHIETO.

Busznaueni sumie BubipkoBi i TreHepasbHi JiHII perpecii ¥ mo X 1 X mo Y Gyaemo Ha-
3uBaTH JiiHissMH perpecii-1. Jlidii perpecii He AAFOTh MOBHOTO OMKCY CHUCTEMHU HETEpe-
PBHUX BHITAIKOBUX BEMUWH X 1 ¥, BOHH TUIbKH MOKA3yIOTh, AK€ CEPEAHE 3HAUCHHS HAOY-
Ba€ OJIHA BEJIMYMHA, SAKINO Apyra 6epe ado 3HAUEHHA 3 MEBHOTO THTEPBANY (M1 BUOIPKO-
BOi perpecii), abo MITKOM TEBHE 3HAUCHHS (1 TeHepanbHOi perpecii). Bimxunenns (pos-
KHJI, PO3CIFOBAHHS) 3HAYCHD OAHIET BUTIAKOBOT BEJIMUMHA MO0 il CEPETHBOTO 3HAUCHHS
(BUOIpKOBOTO a00 TEHEPAJIBHOTO) XapaKTePU3YEThCA YMOBHOIO auctepciero. s Bubip-
KOBOi perpecii ¥ mo X ymoBHaA BUOIPKOBA AUCIIEPCIs HEMEPEPBHOI BUMAAKOBOT BEIMUUHA [
Ma€ BUTJISI

n
2 2 1 . 5
SV ay<X<apyy =Sk =~ 2, Wi T )" (7.55)

Ia.<X<a.,

a 1y BuOIpKOBOi perpecti X o Y ymoBHaA BuOIpKOBa qucCIiepcis Oe3nmepepBHOT BUTIAKOBO1
BEJIMYMHU X —



39

n
2 2 1 D )
SX|{bl£Y<bl+1}_SX|l—E Z(Xz my|r)” . (7.56)
i:b,<Y<b,,

3a omMcaHWX BUINE TPAHWYHUX TIEPEXOMIB MOXXHA OJepKaTH (Te€HEpaJibHI) YMOBHI
aucnepcii

D[Y|{X=x}]=012/‘{X:x}, (7.57)

D[X|{Y=y}]=c§(‘{yzy}. (7.58)

3ayBakennst 7.7. TepMiH “perpecis’ 3ycTpidaeThbcs TakoK y Olojorii ¥ o3Hayae
“crpoments”’. CTOCOBHO aHaMi3y CHCTEMH HEMEPEPBHUX BHIAIKOBHX BeaWMUWH X 17V
CIIPOITICHHS, 0 JOCATAETHCA 3@ JOMOMOTOK BHOIPKOBOI perpecii, moyisrae B TOMY, IO
3aMICTh 7 TIap BHOIPKOBHX 3HAYEHB, IO 37COUTHIITOTO BAXKO IMiIIAIOTHCS OCMHUCICHHIO,
3ayMIaeThes K map 3HaUC€Hb KOOPJWHAT JIaMaHoi Ayia perpecti ¥ mo X abo /. map 3Ha4eHb
KOOPJWHAT JlaMaHoi [y perpecii X mo V. Y Bunaaky (reHepaibHOi) perpecti CIpOIeHHS
MOJIATAE B TOMY, MO 3aMICTh (PYHKINi MBOX 3MIHHMX — QyHKIIT TycTuHn f(X,y) — 3a1u-
maetbest ogHa dynkmis M[Y |{X =x}]=¢(x) mna perpecii ¥ mo X abo omna ¢yHKITIA
M[X|{Y = y}]=wy(y) ms perpecii X mo Y. TobTo mepexia mo perpecii CynmpoBOIKYETh-
Csl CIIPOIIICHHAM 5K Ha PIBHI TTOBHOTH OIMKUCY 3B’ 53Ky MK IBOMA KUTbKICHUMH O3HaKaM# X
1 Y B reHepasibHIM a00 BHOIPKOBIH CYKYITHOCTI, TaK 1 Ha PiBHI 30€PEKEHOI I 1BOTO 1H-
dbopmarii. A

[Tonanpime cporieHds onucy BHOIPKOBOi a00 TeHEPATbHOI CYKYITHOCTI TOCATAETHCA
B)K€ Ha PIBHI perpecii — mepexoaoM Bia perpecii-1 go perpecii-2. Y perpecii-2 3aMicTh
JamMaHoi JIHI1, MO0 3'€IHy€ 3HAYCHHS YMOBHUX BHOIPKOBHX CEPEAHIX Y CMyTaX, miadupa-
I0Th TJIAJIK1 JITHII, 10 OMUCYIOTHCA IPOCTUMHE (DYHKITISIMH 1 3aJI€KaTh BIJ ACKIJILKOX Tapa-
meTpiB. Lli miH1i HE 000B'I3KOBO MPOXOAATH YePE3 BCI TOUKHU JIAMAHOi, ajie 32 PaXyHOK BH-
6opy (yHKIi# 1 3HAUEHD IXHIX TAPAMETPIB JIHIT MOXKYTh JOCUTH OJIM3HKO TMPOXOIATH OLIs
Touok. [Ile oHE CHpOIEHHS MoJATaE B TOMY, mo (paktuuro miadip (yHKIIN 1 3HAYCHD
iXHIX TIapaMeTpiB BIAOYBAETHCS HE TICAS OOYMCIICHHS YMOBHUX BHOIPKOBHX CEPEIAHIX
3HAYeHb y CMyrax, a 0e3mocepe/IHb0 32 BUXITHUMU BUOIPKOBUMU 3HAUEHHAMHU (X;,V; ).

Posrasaemo nieit anroput™ utst BUOipkoBoi perpecii ¥ mo X,

Hexait BubipkoBi gaH1 300paxeH1 y BHUIJISAI KOPEIAIIAHOTO mojs Ha puc. 7.8. Bu-
TJIA1 KOPENAMIMHOTO OIS MiAKA3ye, MO MPUHHATHAM HAOTMKCHHAM JJ11 BHOIPKOBOI pe-
rpecii ¥ mo X Oyzae npsama

y=by +byx, (7.59)
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pIBHSIHHSA IKOI Ma€ JBa HeB1IoMi nmapameTpu by i by. 3amicTb yMOBHOI0 BUOIpKOBOIO ce-

PEAHBOrO 3HAYEHHS B JIIBI YaCTHHI 3aMycaHa 3MiHHA y (3HAUYCHHs HeMepepBHOI BUMA KO-
BOT BEJIMUMHHU Y) 3 PUCKOIO 3BEPXY, 110 BKA3ye 3a TPaJUIli€l0 Ha cepelHe 3HaueHHs. To0To
PO OMUC 3aJIeKHOCTI YMOBHOI'O BUOIPKOBOIO CepeIHbOTr0 3HAUEHHS HelepepBHOT BUMA/-
KOBOI BEJIMYMHM ! Bil 3HA4eHb HEMEepepBHOI BUITQJKOBOI BEJIMUYWHU X, SK y perpecii-1,
MOBa BXKe He HJe, ajie i/iesd Oomnucy B CepeHbOMY HEMepepBHOI BUMAAKOBOI BEIUYUHU Y
30epira€eThes.

Puc. 7.8. JliniitHi BUOipKOBi perpecii — ,,cripaBXHs (CyIiJIb-
Ha) Ta BU3HAYEHI 3a ,,lIPOCTUM MpaBUiIOM" (IyHKTUPHI 1, 2)

[lepefinemo 10 omUCy aJrOpUTMY OOYHCIICHHS MapaMeTpiB perpecii-2 3a oOpaHOro
BUny QyHKIii. JlocuTs Bimome ,,mpocTe MpaBuiio™ modymoBu JdiHii (7.59) nonsrae B ToMy,
110 JIIHIKKY MOTPIOHO MPHUKIIACTH TakK, 1100 Mo 0OuaBa OOKM MPOBEAEHOI JiHii po3TalryBa-
JIOCh MPHUOJIM3HO OJTHAKOBE YMCJIO TOYOK. JIerko mepekoHaTHCS, IO Ie ,,IPOCTe MPaBUIIO*
He BH3HAYa€e OJHO3HAYHO MOJIOKEHHS JiHIT perpecii (He BU3HA4Yae ONHO3HAYHO 3HAYCHD
napameTpiB byi by). Ha puc. 7.8 myHkTUpOoM mpoBeneH! JdiHii, SKi 3aJ0BOJIBHSAIOTE JaHe
paBuJjIo, ajie JIHIIMU perpeciii He €.

[lepeiinemo 10 GopMyITFOBaHHS CTPOTOTrO KPUTEPitO IJIsi BU3HAUCHHS 3Ha4YeHb Koedi-
HieHTIB by 1 by. IligcraBnsitoun BHOIPKOBI 3HAYEHHS X; Yy PIBHSAHHS JIHIAHOI perpe-
cii (7.59), mMu omepxumo 3HaveHHS ;. PisHuII0O MDK BHOIPKOBMMH 3HAYEHHSIMH Y;

Ta 00YMCIEHUMH 3HAYEHHAMHK y; OylneMo HasuBaTH 3amdiikamu Ay; (puc. 7.8):

Avi =yi - y;. (7.60)

MoskHa cnpoOyBaTu nmposecTd npsmy (7.59) abo, 1o Te x came, BUSHAYUTH 3HAYEH-
Hi by # by Tak, moO cyma 3anuIuKiB Ay; Oyna MiHiManbHOMO. [l LbOro 3aMiCTh 3Ha-

YeHb y; MIACTaBMMO ixHi Bupasu 3 (7.59) B (7.60) 1 o04ucaumo cymy 3a BciMa BHOIpKO-
BUMH 3HAYCHHSIMU :
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H(bo,by)= Y Avi = ) [v; = (b +b1x)], (7.61)

i=1 i=1

Cyma (7.61) nosnauena sk ¢ynkuia H(by,by) ABOX 3MIHHUX by 1 by, OCKUIBKH
y pa3l 3MIHU 3HaueHb by 1 b; 3MIHIOETbCA 13Ha4eHHA cyMmu (7.61). Cnpobyemo 3HalTH
MiHIMYM GyHKUIT ABOX 3MIHHMX H (b(, ;) 3a 1onoMOroro HeoOX1JHOI YMOBHU 3KCTPEMYMY

2

| 0bg
laH_

[ oby

(7.62)
0.

3HaueHHSA YacTUHHUX moxiganx ¢GyHkuii H(by,b;) obuncnumo OesnocepenHbo
3(7.62):

=] (7.63)

Jlerko mepexkoHaTHCA, 110 OCKUIbKM BUpas3u (7.63) He 3anexats BIA by 1 by, TO po3-
paxoByBaTM Ha BW3HAYEHHA 3HaueHb by 1 by, MiHIMI3yrouux ¢yHkuio H(by,by),

HE TOBOAUTHCA. OTXKe, 3p03yMLI0, IO MIHIMIZAIlIS CYMH 3aJTUIITKIB BUSBIISETHCS HEBIAMO-
BIJJHUM KPHUTEPIEM JUIA BU3HAUEHH:A by U by, BTIM 1ieii pe3ynbTaT noTpedye MOsSCHEHHS.

Posrnsanemo Ha miowmwuHi (x,y) ABl Touku Ny(xy,y;) #H No(xy,ys), 3a SAKUMH
npsma (7.59) Bu3HavYaeThCA OTHO3HAYHO, K MOKa3aHo Ha puc. 7.9. Jlerko Takox nepeko-
HaTHCA, 110 11 npsMa nepersoproe GyHkuito H(by,by), ToOTO CyMy 3aJIMIIKIB, HA HYJIb.
Ane Oynp-sxa mpama N{N5 , o TPOXOANTH uepe3 TOUKy N — cepeauHy Binpizka NyN,
(Ha puc. 7.9 g npsMa nokasaHa MyHKTUPOM), TaKOX mepeTBoproe (yHkuio H(by,by)
Ha HYJIb.

BignosigHO 10 YMOB, SIK1 JOKJIagHO OOTOBOPIOBAIMCH y po3Ad. 4.16 y pasi BBeACHHS
JUCTIEPCii, OMITFHO MIHIMI3yBaTH HE CyMY 3QJIMINKIB, a CyMY iXHIX KBaApariB. ToMy mei
METOJ BU3HAUEHHS 3HaueHb by W bH| Ha3MBaIOTh METOAOM HaiiMeHIIHMX KBajpati. Lle
O3HayYae, 1110 3HaueHHs by ¥ b; MOTPIOGHO 3HAXOAUTH 3 YMOBH MIHIMYMY (DYHKILi, TOOTO

Gbo.b1) =D Av7 = [y; = (bo + brx)]” (7.64)

i=1 i=1
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y
\\.\N'l (x I’Y'l)
AV >0 \\ No(x2.Y5)
Y1 \\\\\My2:—AY1>O
my "
Ay <0 AN , ,
Y 3 \\ Ay,=—Ay'<0
N,
1(XpY1) Y
H(X2,¥%) ™
0
0 X my X5 X

Puc. 7.9. HeonHo3Ha4yHICTh BU3HAUYCHHS MPAMOI JIHIT perpe-
cii 3a yMOBU MiHIMyMy cyMmu 3ainuiukis (b, by ) (7.58)

HeoOxinai ymoBu MiHiMymy GyHKIIT (7.61) npuBOAsSTh y IIbOMY BUIMAAKY A0 TaKUX
PIBHSHB JJIsl 3HAXOJKEHHS 3HA4eHb b 1 by :

G
by == ) [yi =(by +b1x;)]=0,
J =1 (7.65)
6G L
=2 Ly = (b + byl =0
1 5
L i=l

Y piBHsAHHAX (7.65) KoedilieHTH 3a HEBIIOMUX by 1 by MOXKYTb OyTH SIBHO BUILIEHI,
110 MPUBOJUTH J10 JIHIHHON CUCTeMU JABOX PIBHSHD JJIsl IBOX HEBIIOMUX:

-

n

nby + Zx,- by = i)’i
i=l1

J =1 : (7.66)

n n n )
Zyixi
i=l

2

E x; |bg + E x; |b
i=1 i=1

Po3B’s130k cuctemu (7.66), onepkaHUil METOIOM BUKIIIOYEHHSI HEBITOMMX, Ma€ TaKHUl

BUTJISI:

“
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N
/

bO - n / n N\ E
7 1
> | 2
n
i=1 i=1
(7.67)
n l n n
S!S [ 30
by = i=1 ‘l:l i=1
| =

n l n A
E xl’2 R le
- n

i=1

i=1

VY posn. 7.8 Oyne 3a3HaueHa KoMMIakTHA (hopma 3anmucy po3s’sa3ky (7.67).

[Tix (reHepaibHOIO) PETPECIEIO-2 POZYMIETHCS Ta K (PYHKITISA, O BUKOPUCTOBYETHCA
i s BUOIPKOBOi perpecii-2, aje mapamMeTpy Kol 3HAXOIATHCS HE 32 BUOIPKOBHM 3Ha-
YEHHSM, a 3a BCIEI TeHEPATBbHOIO CYKynHIcTIO. [TapaMeTpn reHepanbHOi perpecii-2 Oye-
MO TIo3HauaTH OykBOIO 3 3 iHAekcamu. Hampukitan, uist reHepaibHOI JTIHIHHOT perpecii-2

y=PBo+Brx. (7.68)

Jlo 3amaui BU3HAUCHHS MapaMeTPIB y perpecii-2 MpUIydaeThCs 1HIIA 33/1a4a, 10 BH-
HUKa€ 3a 1HMIOI opraxizaii mocmiais. MoBa #ie mpo eKCIIEpUMEHTH, Y SKUX 3HAUCHHS OJ1-
Hi€i BHITAJKOBOI KUTBKICHOI O3HAKH ) BHMIPIOETHCS 3a BIIOMUX 3HAYCHB 1HIIOI HEBHUIIAI-
KOBOi KUTbKICHOI 03HaKkH X. O3Hakot X Moke OyTH, HaMpWKIIaJI, 9ac, 3a PI3HUX 3HAYCHD
SAKOTO BAUMIPIOIOTHCA 3HAUEHHA BUTIAAKOBO1 o3Haku V. [loxi6Ha cuTyarlis BUHUKAE, CKaxXi-
MO, Yy BHOAAKy KaaiOpyBaHHA TPHJIAAIB, KOJM 3HAYCHHS O3HAKH X € BIIOMHMU
1 BIAMOBIJAIOTHh CHEIAbHO TMIATOTOBJIICHUM 3pa3kaM, a BHUITQJKOBI 3HAUEHHS O3HAKH )
BAMIPIOIOTHCA KaniOpyBajgbHuUM mpwiagaoM. Habip maHwX y TakuxX OOCHTiIaxX 3BUYANHO
cchopmoBanmii Tak. 711 AEKITPKOX 3HAUCHBb X HAKOMWYIYIOTHCS Cepii 3HAUCHD Y, 3a IKUMU
noTP10HO miAIOpaTH 3aJ€KHOCTI BUTTISTY

; = f(x; napamempu). (7.69)

Taki 3a1adi Ha3UBAIOTHCS 3aJa4aMy BUPIBHIOBAHHS JaHUX, ajie PO3B’A3YIOTHCS BOHH
TaK caMo, sK 1 33J1a4l BU3HAYCHHS MMapaMeTPiB i1 BUOIPKOBOI perpecii-2, 3a JOMOMOT010
METOy HaWMeHIX KBaapaTiB. Hamami Oyaemo po3risiaatv TUTBKH 3a/1a4l perpecti-2, ane
THUTI PeTpecli BKazyBaTu He OyIeMo.
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7.8. Kopeasinis

3HOBY PO3IVITHEMO KOpeISIiiiHe Imojie, mo0yaoBaHe 3a BHOIPKOBUMH 3HAUCHHSIMH,
(x;,¥;), i=1,...,n, 1 npoaHam3zyemMo Horo okpemi Bunajku. OCHOBHA 3a/Jadya JAHOTO

PO3AUTY — BBECTH KUTBKICHWM TIOKA3HHK, “IO0 BUMIPIOE CTYMIHB 3aJICKHOCTI HEmepep-
BHUX BUMAAKOBUX BeMWuuH X 1 V. BimmpaBHOIO TOYKOIO AJIT BBEACHHS TAKOTO MOKAa3HUKA
BAOWPAIOTHCA BIACTHBOCTI 5 1 6 mis muctiepcii D[X + Y] cymu (pi3HUIN) HEMEPEPBHUX
BUNIAAKOBUX BenuunH X 1 V (auB. po3d. 7.6, tabn. 7.12). [lopiBHSAHHA LIMX BIACTUBOCTEH
JI03BOJISIE TIPUITYCTUTH, 10 KoBapiamis K[.X,Y ] moxe OyTtr BunmpoOyBaHa SK Mipa 3a1exk-
HOCTI, IO TIEPETBOPIOETHCA HA HYJb JUIA HE3AJICKHUX HETMEPEPBHUX BUITAIKOBUX BEJIH-
guH X1 Y.

Criouatky po3TiITHEMO BHUIIAIOK JIIHIMHOI 3aJI6)KHOCTI HETIEPEPBHUX BUMAAKOBUX BE-
auarH X1 Y

Y = BO + BIX: (770)

MPUYOMY 3aKOH PO3TOLITY HETIEPEPBHOI BUMIAAKOBOT BETMIMHHN X BBAKATUMO JOBUTHHHM.
OueBuaHO, IO PIBHAHHS BUOIPKOBOI i reHepanbHOi perpecii-1 1 perpecii-2 MarOTh BUTIISIA
JiHIAHOT QYHKLIT 3 TUMU X mapameTrpaMmu B =bg 1 By = by, mwo # B (7.59) 1(7.68). Kope-
JAIIAHE TIOJIe CKITAIa€ThCS 13 TOUOK, PO3TaIOBaHUX Ha JiiHIT perpecii (puc. 7.10).
OGuncnumo  BMOIPKOBY — KOBapiamiro Sy y 3@ BUOIDKOBMMH  3HAYEHHAMH

(x;,¥;), i=1,...,n, npuuoMy NOTPIGHO BPaxOBYBAaTH, 110 BAKOHYIOTbCSI PIBHOCTI

Vi =Po +Prx;. (7.71)

I3 (7.71) BununnBae, 1o i A BUOIPKOBUX CEPEIHIX 3HAUEHb M y 1 My HENEePEepBHUX

BUTAIKOBUX BeNmuuH X 1 ¥ cripaBeyiuBhi NomiOHUH 3B'a30K. Jl1HiCHO, 3HAXOMAYN CyMHU
JIBUX 1 IpaBUX 4acTHH BUpPa3iB (7.68) misa Bcix BUOIPKOBHUX 3HAUEHB, OJICPKYEMO

n n
Zyi =nPg +Blle~ , (7.72)
i=1 i=1

3BIJIKH, MICJIS JIJICHHSA HA 1, MAEMO

my =Bo +Prmy . (7.73)
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Puc. 7.10. Jlinifina perpecis MDK BUIIQAKOBUMU HENEPEBHUMU
JiHIMHO 3aeXHUMH BenuunHamu X 1 Y:a— nomatHa (b; >0);

0 —Bin’emHa (b <0)
3a BU3HAUYECHHSIM BHOIpKOBOI KoBapiauii (7.45)
I I %
SX.Y :;Z(xi —mx )i _mY):;Z(xi —my )Bo +PB1x; —Bo —Pimx)=
i=1 i=1
I I <
2
=;Z(xi—mx)l31(xi—mX)=l31;Z(xi—mX) ; (7.74)

TOOTO

2
SX)y = Bl SX . (7.75)
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SAxmo 3 Bupasy uia BuOipkoBoi koBapiawii (7.45) BuiydaTu He 3HaYeHHA ); U my,

ax;mumy
xl.:m’ mX:mY—_BO, By =0, (7.76)
B1 B1
TO
1 n
S = — J— R —
Xy =7 2 (= my); = my)
i=l1
n s n
15[ vi =Bo mY‘BOW 1 1 2
=— - (yi—my)=—) —(yj —my)” = (7.77)
”’1.:1\ By B ) ”;Bl l
n
11
= (yl _mY) >
TOOTO
1 2
SX,Y IA—SY . (778)
P1
3nak BHOIPKOBOI KOBapialii BUSHAYAETHCS 3HAKOM [3; , TOMy
_ (2 [2 _
Sy y =sgn (Bl)\/SX Sy =sgn(PBy)sy sy - (7.7)

CdopmynroeMo BUCHOBKH, IO BUTUIABAIOTH 13 (7.79).

[To-mepinie, koBapiaiis JIIHIHHO 3AJICKHIX HETICPEPBHUX BUIIAIKOBUX BEJIMUWH 3 TOU-
HICTIO JIO 3HAKa JOPIBHIOE JOOYTKY 1X BHOIPKOBHX CEPEIHHOKBAIPATHUHUX BIXUJICHb.

[To-npyre, 3Hak koBapiarmii Moke OyTH BW3HAUCHHWH 3a HAXWJIOM JIiHII perpecii
(muB. puc. 7.10).

Sximo BpaxyBaTH, 110 32 paXyHOK BHOOpPY OJAMHHITF BUMIPY HETICPEPBHUX BHIIAIKO-
BUX BeanuuH X 1 Y BenmumMHy KOBapiaiii MOKHA 3pOOUTH SK 3aBrOJIHO BEIUKOIO 1 SIK 3a-
Br'OJIHO MaJIOI0, TO TIEPEX1]] A0 BETUIHHA

SXY
SxSy

rX.Y = (780)

03Haua€ HOPMYBaHHS KOBapiaii, ToOTO 3HAUYCHHS HOBOI BEJIMUYMHHU, HA3UBAHOI BHOIPKO-
BHM Koe(illicHTOM KOpeJsiii, Y BUIMAJAKy JIHIHHO 3aJIC)KHUX HEMEPEPBHUX BHITATKOBUX
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BenmunH X 1 ¥ samkau nopisHioe £1. Kpim toro, [sy y |=[X][Y], 1 sxmo, npumipom,
[X]=2/1,a[V]=xke, To posmipHicTs s xy € ¢iznunHo 6e33MiCTOBHOIO (nmB. po3a. 4.11).
Benvuuna 7y y mosbaBieHa 1bOro HEMONIKY, OCKUIbKM BUOIPKOBHH KOE(DILIEHT KOpEs-
1111 6€3pO3MIPHUH.

MoskHa noBecTH, IO 3a JOBUIBHUX 3Ha4yeHb (X;,Y);), [=1,...,n 3aBKId BUKOHY-
€THCS YMOBA

_ISFX,Y <+1. (781)

3BepHEMO TaKOXK yBary Ha Te, SKUM YHHOM (pOopMyeThcsl 3HaK BHOIPKOBOI KOBapia-
uii §y y, 110 BU3HAYA€ 3HAK BUOIPKOBOro Koe(illeHTa Kopemsuli 7y y. 3HaYEeHHS Sy y

€ cepeaHe apudmMeTHuHe NOOYTKY BLAXWIEHb Ax; =Xx; —my 1 Ay; =y; — my BHOIpKO-
BUX 3HauyeHb Bl CBOIX cepeAHIX 3HaueHb. 3a [3; >0 OwubwicTh BUOIPKOBUX 3Ha-
4eHb (X;,y;) posramoByeTbes abo B I, abo B Il uBepTsAx, yTBOpEHUX NPAMUMH X =M y
i y=my. 3a By <0 OutburicTs BUOIPKOBUX 3HAYEHb (X;, ;) po3ramosaHa abo B II, abo
B IV uBeprax. 3Haku BiaxuneHb Ax;, Ay; 13HaKM iXHIX AOOYTKIB Yy PI3HHUX YBEPTAX
3a B; >0 # B; <0 300paeni Ha puc. 7.11.

Kopensamito (He 000B'S3K0BO y BHIAMKY JIHIHHOI 3aJI€)KHOCTI MK HETICPEPBHUMH
BUIAJKOBUMH BeMuMHaMu X 1 ) 3 qogatHuM KoeditieHToM 31 OyaeMo Ha3uBaTH A0AAT-

HOIO, a 3 B1A €MHHUM KoediuieHToM B; — Bia emHoro (puc. 7.10).

[TpomoB)KUMO PO3TIIAL OKPEMHUX BUTIAJKIB KOpEJAMiiHHOTro mojs. Hexail HemepepsHi
BHITQAKOBI BEeIHUMHU X 1 Y € He3aJle)KHl, IPUIOMY KOXKHA 3 HUX Ma€ CHMETPHUYHY (PyHK-
IO TYCTHHU. 3a JTOCUTh BEITUKOTO 00CATY BHOIPKHA MOYXHA BBAXKATH, IO CUMETPIs Oyne
CIIOCTEPITATHCH 1 JUTA TICTOTPaM YacTOT, BITHOCHUX YacTOT 1 BUOIPKOBUX (PYHKITIH TyCTH-
HU. SIKIIO B TOCIA1 BUKOHYETHCS YMOBA cTa0LI13aMli BIAHOCHUX THTEPBAIBHUX YaCcTOT, TO
OyJaeMo PO3TIIIAaTH 1HTEPBAIbHI BUNAIKOB1 BEIUUMHA X 1 Y K TakKi, 110 3a0BOJIBHSIOTH
YMOBY He3ayexxkHocTi. BubepeMo U1 BH3HAYECHOCTI YKCIo 1HTepBamB K=5 1 L=7 1 po3r-
JITHEMO THTEPBAITbHI PAIU PO3MOLTY, 300paXkeHi Ha puc. 7.12.

I3 yMOBHM HE3aJIC)KHOCTI IHTEPBAIBLHUX BHMAAKOBUX BenuumH X 11 Oe3mocepeaHno
BUTITMBAE, IO THTEPBATBHI PSAAM po3noaAuTy X 1Y € MapriHaibH1 IS IHTEPBaIbHOT TaOIu-
Il CIIUJTBHOTO PO3MOALUTY, TPUIOMY BOHA MOKe OyTH BIIHOBJICHA 32 MapTIHAIBHUMH Psa-

My X 1 Y. Ha puc. 7.12 KIITHHKA 1HTEPBAJIbHOI TaOIUIT 3aNTOBHEH] BIAMOBIIHUMH 3HAUCH-
HAMU P} ] = Pk P] , 3 AKUMH TPOBEACHO 130J11HIi PIBHOI T'YCTHMHH PO3TAIlyBaHHSA TOYOK

KOPEIAIIMHOTO TOJIA 33 IOCHUTh BEIIMKOI IXHBOT KIJTBKOCTI.

3arajbHHM BUCHOBOK PO3MIISAAY KOPEIAMIMHOTO MOJIS JUI HE3aJIC)KHUX HETIEPEPBHUX
BHITQIKOBHX BEJIMYMH X 1 ¥ MOJIATae B TOMY, IO iXHE KOPEISIIHHE 1MOJie Mae€ OBaJIbHY (o-
pmy. CINTIOCHYTICTh OBajly BU3HAYAETHCS CHIBBIIHOIMICHHSAM JUACIICPCIH BETUurH X 1 Y.
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y
a
I1
My
I Ay, <0 ] v
Ax; <0
0
0 my a b X
y
0
m AV I
My
II1 Ay; <0 1V
AXi > 0 y:b0+blx
0
0 a b my X
Puc. 7.11. Po3ramyBanss BUOIpKOBUX 3HAYEHb

Ha KOpeJAIiHHOMY TOJIi 3ajJie’KHO BiJ 3HaKa Kopemsuii: a —
nonartHa (b >0); 6 —Bin’emHa (b <0)

Jlerko TakoX TmepekoHaTHCs, 1o BHUOiIpKoBI JiHIT perpecii-1 i perpecii-2
JUTSI He3aJIe)KHUX BEJIMYMH TIOBMHHI OyTH TOPHU30HTAJIBHUMHU Y pasi perpecii ¥ mo X
1 BepTUKAJIbBHUMU y pa3i perpecii X no Y. Lle o3Hadae, 1110 3a 3MiHU 3HA4YeHb OJIHI€T BEJIH-
YUHU 3HAYCHHS IHIIOI B CepeHHOMY He 3MiHIOIOThCS. Lleit BUCHOBOK CKJlajae NOCUTh Ha-
NliffHe MepBUHHE MPABHUJIO, IO O3BOJISIE CyIUTH MPO HE3AIECKHICTh HENIEpePBHUX BHUIAJI-
KoBUX BeinuuH X 1 Y. OOrpyHTyBaHHS [[bOTO IpaBuiia nposeaemMo B po3a. 10.5.

Ilpoctuit posrnsan 3HaKkiB BigxuneHb Ax;, Ay; y KOXHIH 13 uBepTell Ha Kopessiii-
HOMY I0JIi 3 YpaxyBaHHSIM MPUOJIU3HO PIBHOTO YKCIIA TOYOK, IO 300paKytoTh BUOIPKOBI
3HadeHHs (x;,y;), i=1,...,n, IpUBOJUTH JO BUCHOBKY, 110 B IbOMY BUIIAJKy

SX.Y ~0 = rx,y ~0. (7.82)
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JliBa yactuHa HabimkeHoi piBHOCTI (7.79) € MaTeMaTUYHU# BUpa3 mpaBuja, 10 J0-
3BOJISIE POOUTH TMOTEPeIHIM BUCHOBOK MPO HE3ICKHICTh JIIHIAHO 3B’ sI3aHUX BUIMAJAKOBUX
BEJIMYMH.

JiHisg perpecii Y o X

p 03 02 0,1 00 8 X=my X

Puc. 7.12.1moctpariiss 10 MepBUHHOIO MpaBUja BU3HAYEHHS HE3aJEeKHOCTI JIHIAHO
3B’SI3aHUX HETIEPEBHUX BUIAJIKOBUX BEIMUYUH X 1 Y i3 CHMETPUYHHMHM PO3MOIiTaMHu:
a, 0 — psAau pO3MONiTY IHTEpBAILHUX BEJIMYMH, 110 BIOBiTatOTh BenuuuHamM X 1 Y
B — KOpeJIsIiHe ToJie JUISl IHTepBaJIbHUX BEJIUYHH 3 JIIHISIMU PIBHOT TYCTHHHU TOYOK
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Opnnak Oysio 6 MOMUJIKOIO BBaXKaTH, 110 OJM3bKe 10 HYJSl 3HAUCHHSI BUOIPKOBOTO KO-
ebimieHTa Kopensnii  (HaBITh 3a JOCUTh  BEJIMKOro o00cAry BUOIpKH) BKazye
Ha He3aJIe)KHICTh HelepepBHUX BUIMAIKOBUX BeTMUnH X 1 V.

Ilpukaan 7.4. Kopensuiitne none (puc. 7.13) ays HenepepBHUX BUMAIKOBUX BEJH-
yrH X 1 Y 13 KBaJIpaTUUYHUM (QYHKIIOHAIBHUM 3B’ I3KOM

Y=X2, (7.83)

y BUMJKY OBUILHOTO (!) CHMETpHUYHOr0 3aKOHY po3Mmoaily X BKa3ye Ha Te, 1110

pX,Y =0, rX,Y ~0. (784)
y
Ayi‘>0 Ayi" >O
0 X

Puc. 7.13. KopensuiiiHe mose Ta JiHisA pe-
rpecii Uit KBaIpaTUIHO 3aJIeKHUX BUIAIKO-
BUX BeluuuH (auB. npuki. 7.4 ta (7.80))

Jlanuit nmpukiaa ykazye Takox Ha Te, 0 KoedilieHT Kopesilil morano NpucTocoBa-

HUH JUIs BUMIpY HE3aJIe)KHOCT] HEJIIHIAHO 3B’ I3aHUX BUMIAKOBUX BEJIUYUH. @

HenepepsHi Bunankosi Bennuunu X 1 Y, 1ust skux p y y =0, HA3UBAIOTHCS. HEKOPe-
apoBaHuMH. OTXKe, 13 HEKOPeJIbOBAHOCTI HEMEPEepBHUX BUIAIKOBUX BeluuuH X 1 )V He
BUIUIMBAE iXHs HE3aJeXKHICTh. €, OJJHAK, OMH BUHSITKOBUN BUIAJIOK.

SIko HemepepBHi BUNAAKOBI BeJHYuHH X 1 Y po3noaiiieHi 3a HopMaIbLHUM 3a-
KOHOM i3 apaMeTpamMHu [Ly, Gy 1 lly, Gy, TO i3 HeKope1boBaHOCTI X 1 Y BHIINBa€
iX He3aJIeXKHICTh.
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PosrnsHeMo masimi BHIMAmoOK, MO0 € MPOMIXKHUN MK JIIHIHHOIO 3aJICKHICTIO HeETepe-
PBHHX BHUITQJIKOBUX BEIMYMH X 1 Y 1 IXHBOIO He3aJeKHICTIO. [leli BUnagoKk CKOHCTPYIOEMO
MTY4YHO B Takuii cnocid. Hexaii miHig perpecii Oyae npsima, aje 3B'130K Mixk Y 1.X He € -
HIHHUN (PYHKITIOHAJIBHAM, 1 € PO3CIIOBAHHS TOYOK KOPEJAIIMHOTO MO BITHOCHO JIiHIT pe-
rpecii. Kopersiiiiine mosie sSBisge cO000 CMYXKKY, YCepeIHH1 SKOi po3TalioBaHa JIiHISA pe-
rpecii (puc. 7.11).

JlomaTHa KOpemAlis B IMHOMY BHITAJKY BIAPIHIETHCA BIJ JOJATHOI KOPEJAIi
y BUTIQAKY JIHIAHOTO (YyHKIIOHANBHOTO 3B'si3ky X 1V (muB. pwmc. 7.10) Tum, mo
3a 30UThITICHHST 3HAUYCHBb X 30UTBIIYIOThCS HE Bel 3HadeHHs V. Hampukman, wa puc. 7.11
TOYKAaMHM ITOKa3aH1 3HAYCHHS O3HaK| Y 3a X=a 1 X=b. Buano, 1o OLIbIIIOMY 3HAYCHHIO X
BIJIMTOBIA€ MEHITE 3HaUCHHA Y. OTKe, y BHIMAAKy MOAATHOI KOpEJsAili 30UThIIICHHIO 3HA-
yeHb X BIANOBIJAE, SK IMIPABHIIO, 30UTBIIICHHS 3HAYCHD Y, OJTHAK € i BUHATOK 13 ITI€i TCH/IE-
HI1i. 3Hak KyToBoro koediwieHta By mHIAHOI perpecti (7.76) BU3HAaYae 3HAK KOpeAL1ii-
HOTO 3B'SI3KY HAIHHIIIE.

3xopensmiiaoro mons (puc. 7.11) BuaHO Takoxk, Sk (GOPMYEThCS 3HAK BUOIPKOBOT
KOBapiauii §y y, a OTKe, i 3HaK BUOIPKOBOro Koediuienra kopenauii #y y. binbma vac-

THHA TOYOK KopesauiiHoro nois 3a 31 >0 3Haxoautees B 11111 useprax, ae Ax;Ay; >0,
a3a Py <0 — Il 11V uBeprax, ne Ax;Ay; <0. OgHak 13 3pOCTaHHAM PO3CIIOBAHHS 3Ha-

YeHb HETICPEPBHOI BUIIAIKOBOI BETMUMHM Y BIAHOCHO i1 CEPEIHHOTO 3HAYSHHS 32 CTAJIOTO
3HAUEHHS HETICPEPBHOI BUMIAAKOBOT BEMMUUHHU X (TOOTO 3a 30UTHIIIEHHS YMOBHOI BUOIPKO-
Boi jpucnepcii ¥) uncno touok B Il 11V useprax 3a By >0 ¥ B 111l ueprax 3a By <0

30UIBIIY€ETHCS, A OTIKE, 3MEHIIYETbCA i 3HAUEHHS Sy y, A3 HUM 1 Fy y. Y TPAHUUHOMY

BUTIAJIKY, KOJM yMOBHA JUCTIEPCIS HEMEPEPBHOI BUIAIKOBOI BETMUYWHU ! 3PIBHAETHCS
3 il AMCTIEPCIEr0, MATHMEMO BHITAI0K HE3aJICKHOCTI BeMurH X 1 Y, 3a SKOTO JIHISA perpe-
cli ropu3oHTasIbHA, TOOTO ii KyTOBUIT KOediLIeHT NOPIBHIOE HYO, B =0. JlaHl BUCHOBKH

y BUMAJKY BKJIIOUEHHS 0 PO3MIALY YCIX MOXIIMBUX Map 3Ha4eHb (X;,y;) 13 Fr€eHepaIbHOI
CYKYITHOCTI MOXYTbh OyTH mepeHeceH1 Ha koBapialito K[ X,V ]|=6 y y 1 koediiieHT kope-
aami py y -

Toune dhopmyFOBaHHS IILOTO PE3YIBTATy TAKE. 3B'SI30K MK JUCIIEPCIEIO G%’ , YMOB-

HOIO JIUCTIEPCIEI0 62 i1 koeiLIEHTOM KOpemnALli p y y Ma€e TaKMHA BUTIIAA:

Y[X:x
2 2
Oy — O
Y Y‘sz_ 2 (785)
5 =Pxy - :
Oy

2
MPH [IbOMY BBAXKAETHCA, II0 G Y| X=x

HOIro Mar€¢MaTu4HOro CHOI[iBaHHﬂ | v_. T€ 3K caMe 3a BCIX 3HaueHb X=x. OTike KBaa-
Myl x=x ’

= const , TOOTO PO3CIOBAHHSA 1O ! BIIHOCHO YMOB-
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paT koedimieATa KOpeAiii MK HETIEPEPBHUMH BUIIAJKOBUMH BenwumHaMu X 1 Y mopis-
HIO€ BIIHOCHOMY 3MEHIIIEHHIO AWCTepcii V' y BUmaaKy mepexoay Bi MaKCHMaJbHOTO 1H-
TepBany 3MiHHA X (po3Maxy 3HaueHb BenmnunHA X) 10 (pikcoBanoro 3HaueHHS X (y pasi Ha-
OyTTS HEMEPEPBHOIO BUTIAKOBOIO BETUYMHOIO X TIEBHOTO 3HAYCHHS X).

Koeginient xopemauii p y y 1 € KUIbKICHOIO MIPOIO 3B'A3KYy MK HENEPEPBHUMH BH-

NaJIKOBUMM BenuunHamMu X 1 Y, [is AKUX MIAXOAMTSH JiiHIAHA perpecia ) =P +Byx . [pu

L[bOMY F'PAHUYHUM 3HAYEHHAM JUIA OLIHKH 3B'A3KY MUK X 1 } € 3HaYeHHs p%( y =0,5, 106-
To py y #0,7. ¥V BUnaaky, xonu p y y >0,7, BUnagkoBa BenuuuHa ! 3aJI€KUTh BlJ BU-
naaKoBoi BemunHM X OutbIne, HiX Ha 50% (po3citoBaHHS BIIHOCHO Hy|x=y BU3HAYAECTL-

sl IHINMMU MIPUYMHAMMU), a Koy p y y < 0,7, BUnmagkoBa BeauunHa ! 3a1€KUTh B1J BUMA-

JIKOBOI BenuuHu X MenIe, Hix Ha 50%.

[Timi6’eMo miaCyMKH 1 ¢hOPMYITIOEMO CTHUCIO BIACTHBOCTI KoeiIieHTa KOPEIAIIii,
3 IKUX BIACTHBCTI 1-3 Buie Oyim oOrpyHTOBaH1 1 MPOUTIOCTPOBAH] IPUKIIAAaMH, BIACTH-
BOCTI 4, 5 HaBeneH1 HUKUE O€3 TOBEIEHb.

BaactuBocTi koedinieHTa Kopeasiii

1. KoedimienT xopensiii A03BOJISIE BUMIPIOBATA BEIWYMHY W 3HAK JIHIHHOTO
(e (PYHKITIOHATBHOTO) 3B'SI3Ky M)XK HETICPEPBHUMH BUMAAKOBUMHU BeTUIMHAMHU X 1 Y.
2. Jlnsa He3aneKHUX HEeMepepBHUX BUMAAKOBUX BeaMuuH X 1Y py y =0 (X1 Y Heko-

pebOBaHi).
3. I3 ymoBu py y =0 (HEeKkopenbOBaHOCTI HEMEPEPBHUX BUMAJKOBUX BETUUUH X 1 V)

HE BUTIMBAE, 1m0 X 1 Y He3zanmexHi (y TOMYy BHITQAKY, KOJH JiiHIS perpecii ¥ mo X abo X
1o Y He € npsimMa, ToOTO caMme TOI1, KOJIM Koe(ImI€eHT KOPEIAIii i He TOBUHEH 3aCTOCOBY-
BaTHCA JUTA OIIHKH 3B's3Ky MUK X 1 V). I3 miei BmacTuBOCTI BHIIMBAE, MO TEpea 00UmC-
JICHHAM 3HAYEHHS Fy y CJIJ OJMBUTUCS HA KOPENALIKHE MOJIE.

4. JIns HOpMAJIBHO PO3MOMIJICHUX HETICPEPBHUX BUMAAKOBUX BETMUWH X 1 Y 13 HEKo-
penboBaHOCTI X 1 ¥ BUIIMBA€E HE3AICKHICTh X1 Y.

5. I3 piBHOCTI =1 BHIUIMBAE NIHIMHUN HKIIOHAJILHUAMN 3B'I30K MIXK HEIe-
p Pxy y

PEPBHUMH BHITAIKOBUMH BEIMUMHAMH X 1 ¥ 1 HABMaKy, IS HETICPEPBHUX BUTIAIKOBHX BE-
muanH X 1Y, 3B'a3aHUX JMHIAHUM (QYHKIIIOHATEHAM 3B'SI3KOM, KOCMIIIEHT KOPEJAIii 3a
aOCOJTIOTHOIO BETMIMHOIO JOPIBHIOE OTUHUIIL.

3a momoMoror BHOIPKOBOrO Koe(imieHTa KOpensaiii MO)KHA TaKoXK 3aluCcaTH
B cTuciit popmi po3s’sa30k (7.67) cuctemu piBHIHD (7.660) mis koeIIiEHTIB THIHHOT pe-
rpeciii:

Sy
[M=nyr—’

{bo=mY—hmx-
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8. HenepepBHi BUNIaIKOBI BEJIMYMHH,
MOXI/IHI BiJil HOPMAJILHO PO3NOALIEHOT BUNIAAKOBOI BeJIMYUHH

8.1. Ille oagHe BU3HAUYEHHSI HOPMAJIBLHOT0 PO3MOALTY

Hasenene B po3a. 5.3 BU3HAUCHHS HOPMAIBHOTO PO3MOALTY € (hOopMaJibHE 1 30BCIM
HE TIOSICHIOE H1 HA3BH, H1 yBaTH, 10 HOMY MPUAUTIETHCS T 9aC CTATUCTAYHOT 0OPOOKH
naHuX. PosrisHeMo 1HIMM miaxia A0 BBEACHHS HOPMAJIBHOTO PO3MOALTY, 3aCHOBAHHUH
Ha OJTHOMY 3 BaplaHTIB IEHTPATbHOI I'PaHUYHOI TeopeMu. DopMyITIOBaHHS ii Take.

Hexait U,V , W ,... — He3a1eXHI BUTIAAKOBI BETUINHU (IUCKPETHI a00 HETICPEPBHI)

3 TOBUTBHMMH 3aKOHAMH PO3IMOJILTY, MATEMAaTHUHUMH CIIOTIBAHHIMUA
g =MIUL wy =MIV], wy =MDV, .. 8.1)

1 TOPIBHSIHUMH AUCTIEPCIAMH (TOOTO 111 JUCTIEPCIi € BEIMUNHAMHA OJHOTO TOPSIAKY ):

63 =D[U] ~ 65 =D[V] ~ o =D[W] ~ ..., (8.2)

a X — BHMaAKOBA BEMYWHA, IO € CYMOIO BUNAAKOBWUX BenmwuwH U,V W ,... (nuB.
po3n. 7.3, 7.7):

X=U+V+W+... . (8.3)

I3 BmacTuBOCTI 4 MaTeMaTHYHOTO CIIOIBAHHS CyMH JOBUTFHUX BUMAJAKOBUX BEJIH-
yuH (nuB. po3d. 7.4, Tabn. 7.25 1 po3n. 7.5, Tabn. 7.28) BurmBae, 1o

u=M[X]=M[U]+MV]+MW]+...=uy +1y +up +... , (8.4)

a 3 BJACTUBOCTI 3 Amcriepcii CyMH HE3AJIC)KHUX BHUMAAKOBUX BEIMYWH (MUB. po3m. 7.4,
Tabn. 7.25 1 po3a. 7.5, Tabn. 7.28) —

62 =D[X]=D[U)+ DV]+DW]+...=65 + 6% + 0y +... . (8.5)

IlenTpanpHa TpaHUYHA TEOPEMa CTBEP/IKYE, MO 32 BETUKOI KUTHKOCTI BHITAIKOBUX
BEJTUUMH-TOAAHKIB B cyMmi (8.3) po3moauT CTaHAApPTH30BAHOI BWITAIKOBOI BEMYHHA X
SK 3aBIOJIHO MaJi0 BIAPIZHAETHCSA B CTAaHAAPTH30BAHOTO HOPMAJIBHOTO PO3IMOILTY
(mmB. po3a. 6.1), To6TO

X -

~ 7
&

N(0,1). (8.6)
(0}



54

3ayBaxenns 8.1. Habmmxenns (8.6) 3 10CTaHBOIO IS MPAKTHKHA TOYHICTIO CIIO-
CTEPITraeThCA BXKE 32 HEBENMKOI KUThKOCT1 Aomankis U,V W, ... B (8.3). A

3ayBakennst 8.2. Sxmo U,V , /... — HEHnepeBHI BHUIAJKOBI BEIHYHHH, TO

32 YMOB TIEHTPAJIbHOI TPAaHUYHOT TEOPEMH MOKHA HAOJMKATH HEMEPEBHY BUIAIKOBY
BenuunHy X (8.3) posmoautom N(u,G), TOOTO cymMa HENMEPEBHUX BHIMAJAKOBHUX BEITH-

guda U,V , W, ... BXke 3a HEBEIMKOI iXHBOI KUIBKOCTI IPAKTHYHO HAOIMKAETHC HOPMa-
JBHUAM PO3IOLIIOM

X=U+V+W+..~N(uo) (8.7)

3 BIANOBLAHUMH napameTpamu L (8.4) 1 o° (8.5). A

3ayBaskennst 8.3. Sxmo U,V , W, ... — TUCKpeTHI BHNAAKOBI BEIWYUHH, TO IS
ixapoi cymu X (8.3) HemoxnBe HaOIMOKEeHHS (8.6) HOPMAIBHUM PO3MOILIIOM, OCKIJTb-
ku cyma (8.3) € mMCKpeTHA BUTIAJKOBA BEJIMUMHA, 2 HOPMAJIBHO PO3IOUICHA BHTIAIKO-
Ba BEJIMUMHA — HEMEpPEpBHA. AJie 1€ HE CTOCYEThCS iXHBOI CTAHAAPTU30BAHOI CYMH
3a BEIWKOI KUTbKOCT1 AoxankiB U, )V W, .... Takox 3a3HaUMMO, 110 3 IIEHTPAJIBHOI I'pa-
HUYHOI TeopemMu BUIDIMBaAe, mo cyma X (8.3) NUCKPETHHX BUMAAKOBUX BEITUYNH
€ MUCKPETHA BHUITAIKOBA BEJIMUMHA 3 CHMETPUYHOIO (DYHKITIEIO TYCTHHU f(X). A

Ipuknan 8.1. Po3risHeMO cymMy HE3aJ€KHUX AUCKPETHUX BUIAJKOBUX BEJIH-
yuH U 1 }'3 panamu po3noauty, 306paxenumu B Tadi. 8.1.18.2 1 nHa puc. 8.1.

Tabnuus 8.1 Tabnura 8.2
U -1 0 +1 V -1 0 +1
1/3 1/3 1/3 1/3 1/3 1/3

BiamoBimHO [0 BU3HAYEHHS CYMH JBOX JHCKPETHWX BHUIAIKOBAX BEIMUUH
(mmB. po3a. 7.6)

1) yrBopuMo mipsimuii 10OyTOK MHOKWH 3HaUeHb (/1 V-

(1, =1); (<1, 0); (=1, +1); (0, =1); (0, 0); (0, +1); (+1,1); (+1, 0); (+1, +1)};

2) o0urCaIUMO 3a TIPaBUIIOM JOOYTKY JUIS HE3AJIC)KHUX BHTAJAKOBUX TOIN IMOBIp-
HOCTI MMap y MpAMOMY TO0YTKY:

1/3-1/3; 1/3-1/3; 1/3-1/3; 1/3-1/3; 1/3-1/3; 1/3-1/3; 1/3-1/3; 1/3-1/3; 1/3-1/3;

3) obuncauMo cymy 3HadYeHb y KoxkHii mapi: {-2; —1;0; —1; 0; +1; 0; +1; +2};

4) ckiameMo 3 OJiepKaHUX 3HAYCHD 1 IXHIX WMOBIPHOCTEH PSAM POMOILTY TUCKPE-
THOT BUTIAAKOBO1 Bemuman U+ y Burisam Tabm. 8.3, mokazanmii Takox Ha puc. 8.1.

Tabnuusa 8.3

Y=U+Vv —2 —1 0 +1 +2
1/9 2/9 3/9 2/9 1/9
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0,0

+1

+2

+1

+2

0

+1

+2

Puc. 8.1. Psaau po3noniny AMCKpPETHUX BHITAIKO-
Bux BemuuuH U, V 1Y =U+V i3 npuki. 8.1

(muB. Tabm. 8.1, 8.2 1 8.3)

Y naHoMy MpUKIaai CUMETPUYHUN PO3MOALT CyMH Y JHMCKPETHHX BUNAIKOBUX

BenuunH U 1V 3 cUMeTpUYHMMU po3MoiIaMu, 3BUYaiiHO, HE € HECTIOAIBAHKOIO. @
Ilpukaan 8.2. PosrnsHemo nuckpeTHI BUMaakoBi Benuuuau U, V 1 W, psaan Sxux
HaBeJnleHi B TaOu. 8.4, 8.5 1 8.6 1 mokasani Ha puc. 8.2.

Tadomung 8.4 Taomung 8.5 Tadomung 8.6
0 | +1 | +2 -1 0 +1 -2 | -1 0 | +1
4/10 | 3/10 | 2/10 | 1/10 1/3 1/3 1/3 1/10 | 2/10 | 3/10 | 4/10
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0,3 + °

0,2 +

0,1 + I
0,0 : : |

—4 =3 =2 -1 0 +1 +2 +3 +4 u

0,2 +

0,1 +

0,0 : : : : ; :
-4 -3 -2 -1 0 +1 +2 +3 +4 \

0,2 +

0,1 + [
0,0 ' '

-4 -3 -2 -1 0 +1 +2 +3 +4 w

e Ly,

—4 =3 =2 -1 0 +1 +2 +3 +4 X

Puc. 8.2.Psanu po3noniny AUCKpeTHUX BUManKoBUX BenuuuH U, V',
WiX=U+V+W i3npukin. 8.2 (nuB. Tabi. 8.4, 8.5, 8.6 1 8.8)
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YTBOpEMO TIpsAMUN AO00YyTOK MHOXHWH 3HAUEHb JUCKPETHUX BUIMAJAKOBUX BEIIH-
guH U, V1 WV, mpudomy 1 KOXKHAM 31 3HAUCHb BUITUIIEMO 1XHI HMOBIPHICTI BITIOBITHO
o tabdn. 8.4, 8.518.6:

(v=1;
4/10
(v=1;
4/10
(v=1;
4/10
(v=1;
4/10
(u=0;
3/10
(u=0;
3/10
(u=0;
3/10
(u=0;
3/10
(u=t1,
2/10
(u=t1,
2/10
(u=t1;
2/10
(u=t1;
2/10
(u=+2;
1/10
(u=+2;
1/10
(u=+2;
1/10
(u=+2;
1/10

v=—I;
1/3
v=I1,
1/3
v=0;
1/3
v==+1;
1/3
V=1,
1/3
v=—I;
1/3
v=0;
1/3
v==+1;
1/3
v=—I;
1/3
v=—I;
1/3
v=0;
1/3
v==+1;
1/3
v=—I;
1/3
v=—I;
1/3
v=0;
1/3
v==+1;
1/3

w=-2);
4/10
W=+1);
4/10
W=0);
3/10
w=-1);
2/10
W=-2);
1/10
W=+1);
4/10
W=0);
3/10
w=-1);
2/10
w=-2);
1/10
w=+1);
4/10
w=0);
3/10
w=-1);
2/10
w=-2);
1/10
w=+1);
4/10
w=0);
3/10
w=-1);
2/10

(v=1;
4/10
(v=-1;
4/10
(v=1;
4/10
(v=1;
4/10
(u=0;
3/10
(u=0;
3/10
(u=0;
3/10
(u=0;
3/10
(u=t1,
2/10
(u=t1,
2/10
(u=t1,
2/10
(u=t1;
2/10
(u=+2;
1/10
(u=+2;
1/10
(u=+2;
1/10
(u=+2;
1/10

v=—I;
1/3
v=0;
1/3
v=0;
1/3
v==+1;
1/3
V=1,
1/3
v=0;
1/3
v=0;
1/3
v==+1;
1/3
v=—I;
1/3
v=0;
1/3
v=0;
1/3
v==+1;
1/3
v=—I;
1/3
v=0;
1/3
v=0;
1/3
v=+1;
1/3

w=-1);
2/10
w=-2);
4/10
w=+1);
4/10
w=0);
3/10
w=-1);
2/10
w=-2);
1/10
w=t1);
4/10
w=0);
3/10
w=-1);
2/10
w=-2);
1/10
w=+1);
4/10
w=0);
3/10
w=-1);
2/10
w=-2);
1/10
w=t1);
4/10
w=0);
3/10

(v=1;
4/10
(v=1;
4/10
(v=1;
4/10
(v=-1;
4/10
(u=0;
3/10
(u=0;
3/10
(u=0;
3/10
(u=0;
3/10
(u=t1,
2/10
(u=t1,
2/10
(u=t1;
2/10
(u=t1,
2/10
(u=+2;
1/10
(u=+2;
1/10
(u=+2;
1/10
(u=+2;
1/10

v=—I;
1/3
v=0;
1/3
v==+1;
1/3
v==+1;
1/3
v=I1,
1/3
v=0;
1/3
v==+1;
1/3
v==+1;
1/3
v=—I;
1/3
v=0;
1/3
v==+1;
1/3
v==+1;
1/3
v=—I;
1/3
v=0;
1/3
v==+1;
1/3
v==+1;
1/3

w=0);
3/10
w=-1);
2/10
w=-2);
1/10
w=+1);
4/10
w=0);
3/10
w=—1);
2/10
w=-2);
1/10
w=+1);
4/10
w=0);
3/10
w=—1);
2/10
w=-2);
1/10
w=t1);
4/10
w=0);
3/10
w=1);
2/10
w=-2);
1/10
w=t1)}
4/10

O6uncuMO CyMy 3HAUeHb y KOXHIA TPIMII Ta WMOBIPHICTh KOXKHOI TPIAKH
3a MPaBWJIOM AOOYTKY JUIs HE3aJIC)KHUX ToAi. PesynbTaTn 3Beaemo B T1adi. 8.7, mep-
U 1 OCTAHHIN PSIAKU SKOi yTBOPATH P POMOAUTY AUCKPETHOI BUTIAAKOBOT BEIMUH-
aa ¥ =U +V +W . Jlna 3pydHocti psa po3noaury cymu Y =U +V + W 300pakeHnid
TaKOX y BHTJISA1 okpemoi Tabn. 8.8. 1 puc. 8.2.



I (£)10°0 $0°0 (9110 (£)oz0 e(e)T0 (£)ozo (9110 $0°0 (£)10°0
00€ | 00€ 00¢ 00¢ 00¢ 00¢ 00¢ 00¢ 00¢ 00¢
00¢ b SI g€ 19 0L 19 g€ SI v
0l Ol/T-¢/T-01/T

6 Ol/T-€/T-01/T|01/Z-€/1-01/1 |O1/¥-€/T-01/T

8 01/2-€/1-01/1|01/1-€/1-01/Z|01/1-€/1-01/T

L 01/€-€/1-01/2|01/C-€/1-01/2|01/C-€/1-01/T

9 O1/T-01/T-€/T|01/2-€/1-01/T|01/€-€/1-01/T|01/1-€/1-01/€ |O1/T1-€/1-01/C

S 01/€-€/1-01/1|01/€-€/1-01/T|01/T-€/1-01/€|01/T-€/1-01/€|01/1-€/1-01/€
¥ O1/t-€/1-01/1|01/2-€/1-01/€|01/€-€/1-01/€|01/€-€/1-01/€|01/T-€/1-01/€

€ OT/€€/T-01/T [01/€-€/1-01/Z|01/€-€/1-01/€|01/¥-€/1-01/€ |01/T-€/1-01/¥ |01/1-€/1-01/% |OT/T-€/T-01/€
C OL/7-€/1-01/1|01/F-€/1-01/T|01/¥-€/1-01/€|01/€-€/1-01/%|01/€-€/1-01/¥ |01/-€/1-01/¥ |O1/1-€/1-01/¥

[ (017 €/T-01/T|01/¥-€/1-01/C|01/b-€/1-01/€|01/¥-€/1-01/¥ |01/ €/1-01/7 |01/ €/1-01/¥ |01/€-€/1-01/¥ |01/2-€/1-01/¥ | OT/T-€/T-01/%

P+ e+ + [+ 0 - (6 15 =

L'8 BIHIQR],
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Tabnuia 8.8

X=U+V+W —4 -3 -2 -1 0 +1 +2 +3 +4

0,01(3) [ 0,05]0,11(6) | 0,20(3)] 0,2(3) | 0,20(3) | 0,11(6) | 0,05 | 0,01(3)

CumetpuuHicTh po3nonity cymu X pomaskis U,V , W 3 HECUMETpUUHUMH PO3-
MOAIJIaMA HE € TIOTIEPETHRO OUEBHUAHA, TIPOTE TAPAHTYETHCSA MEHTPATBHOIO TPAHUYHOIO

TEOPEMOIO, OCKUTBKH 1i YMOBH BUKOHAHI. ®

YTBOpEHHS 3 IHTEPBAJILHAX BUMAJAKOBUX BEJIUUYMH CYMH 13 CHMETPHUYHUM 3aKOHOM
PO3MOALTY HaBeACHO y po3. 6.8 (muB. mpukit. 6.12).

Tenep crae 3po3yMuUTON0 TPHYHMHA CHMETPHYHOCTI PO3MOALIIB OaraTrhoX (hi310J10T1-
YHUX 1 MOP(OJIOTIYHUX KUIBKICHUX TOKA3HWKIB Y KUBUX OpraHi3Max 1 OJIM3bKOCTI
iX 10 HOpMAJIBHOTO 3aKOHY. KOXXHHI 13 TAKUX TOKA3HHWKIB CKJIAAAETHCS T BILTHBOM
JEKLTBKOX MPpUIrH ((haKTOPIB), KOKHA 3 AKUX YHHHUTH XOU 1 HEBEJIMKHUH, ajie TIOPIBHAHO
3 IHINMMH TICBHU BILJIMB HA KIHIICBUW PE3YJIbTAT.

8.2. Posmoain Ilipcona %2

Hexait Z|, Z5, ..., Z, — HONApHO HE3QJIE)KHI HEMEPEPBHI BUMAJIKOBl BEIUYUHU

(muB. po3a. 7.3), posnoauteHi 3a 3akoHoM N(0,1) (muB. po3a. 6.1), Toal 3a BUBHAUCHHAM
HETIepEepPBHA BUIAAKOBA BETMYHMHA

V2=t .42 (8.8)

. . ) . : .
Mmae posnoaun Ilipcona 7y, 3 mapameTpoMm Vv (,,X1“-KBaJpaT 13 UUCIOM CTENEHIB BUILHOC-
T1 ,,HIO®).

OCHOBHI1 YHCJIOB1 XapaKTEPUCTUKHA — MAaTEMATHUYHE CIIOMIBAHHS 1 IACTICPCIs HETe-

pPEPBHOI BUTMIAJKOBOI BETMUWHH, PO3MOLICHOT 3a 3akoHOM [lipcona )N(%, BHPAXKAIOTHCSA
0e310CcepeIHBO YEPE3 MapaMeTp V:

M[73]=v, (8.9)
D[32]=2v. (8.10)

['padixu pyHKIIA TyCTHHU [ (x\z,) 1 posnoauty F (x\z,) HaBEJEHI BIAMOBIIHO HA

: . 2 .
puc. 8.3 18.4. 3a manux 3HaueHb napamerpa v (pyHKUiA ryctuHu f () Mae AOBruit

MpaBuil XBICT, a Y pa3i 30UTbIIEHHA 3HAYeHB apaMeTpa v (v > 100) acHMITOTHYHO cTae
MaiXe CUMETPUYHOIO 1 HAOINKAE€ThCA HOPMATBHUM PO3MOIUIOM 3 MAaTEMAaTUYHHAM CIIO-
niBauHAM (8.9) 1 mucniepciero (8.10).
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0,6
frs) \
04
v=2
v=3

0,2

( \< v=10 v=20
y §< .

0 5 10 15 20 25 30 x>

Puc. 8.3. ®yHk1is ryctuHu [ (X\z,) I[Tipcona (8.8) 3anexxHo BiJ 3HAYEHBb
CTeMeHiB BUIBHOCTI V

1,0

F(x2) W%/
0,8 //;//
0,6 / 7
04 / /

/ — / — _— |
v=3 /

v=20
0,2 /(\ /
/ v /
0,0 —
0 5 10 15 20 25 30 o

Puc. 8.4. ®yukuis posnoainy F (X\z,) I[Tipcona (8.8) 3amexHO BiJ 3HAYEHB
CTeMeHiB BUIBHOCTI V
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3aCTOCYBaHHSA BUMAJKOBOI BEIWYUHU %2 , HampuKJIajd, 3a ,,py4HOi” MEpPEeBIPKU
CTAaTHUCTUYHHUX T1moTe3 (mB. po3a. 10), 3HaUHO CIPOITy€EThCS y pa3l BUKOPUCTAHHS Tab-

JIUITI KBAHTHJIIB X%,q (muB. po3x. 4.17), nasenenoi B Tabdm. JI. 1 momarky.

8.3. Po3nmoain @imepa F

. ~2 .2 . . . . ~2
Hexaii % y. 17, — BUNAJKOBI BEJMYUHH, PO3MOALICH] 38 3aKOHOM [Tipcona (Y,

1 2
13 UUCJIOM CTEIEHIB BUILHOCTI BIANOBIAHO Vv, # Vv, (AuB. po3a. 8.2), ToAl 32 BU3HAYEH-

HAM HCTICPCPBHA BHUIIAJKOBA BCJIMYKWHA

(8.11)

mae posmoxin ®imepa [y, ', 3 mapamerpamu vy i v, (posmoxin dimepa i3 4HCIOM

CTEIEHIB BUIBHOCTI UUCEIbHUKA V| U 3HAMEHHUKA V, ).

OCHOBHI1 YHCJIOB1 XapaKTEPUCTHKH — MaTEMaTUIHE CIIOAIBAHHA W AUCTIEPCIs HETe-
PepBHOI BHMIIAAKOBOI BETMYMHH, POSHOAIICHOI 3a 3akoHOM dimepa [+, , , BUpaKa-

IOThCSI 0e3MOCEePETHBO Yepe3 MapaMeTp vV, H v,

MIFy . 1= , (8.12)

V2—2

V(v + vy - 2)
\Y - 2 .
Tovi(va =2 (va -4

DIF, (8.13)

I'padixm dpynkmii ryctuan [ (Fv],vz ) 1 po3noauty £ (Fv,,vz ) HaBeNEH1 BIAMOBII-
HO Ha puc. 8.5 1 8.6. 3a Manux 3Ha4eHb MapaMeTpiB vy 1 Vv, (QyHKLIA T'YCTUHU Ma€ OB-

r'uil IpaBUi XBICT, a 3@ 30UIBLICHHS 3HAYEHb V| 1 V, aCUMOTOTHYHO CTa€ MaiikKe cu-

METPUYHOIO i HAOIMKAETHCS HOPMAIBHUM PO3MOJUIOM 3 MaTeMaTHYHHM CIOJIBaH-
HaM (8.12) 1 mucnepcieto (8.13).
3acTOCYBaHHS BHIIAJKOBOI BEMYMHA F\, , , HANPHKIAJ, 32 ,,py4HOI" MEPEeBIPKH

CTAaTHUCTUYHHUX T1moTe3 (uB. po3a. 10), 3HAUHO CIPOMIYETHCS 3a BUKOPUCTAHHS TaOIHIT
KBAHTHIIB [, R (mmB. po3n. 4.17), nasenenoi B Tabdm. JI. 2 momarky.



1,0

f(Fvl,vz)

0,8

v =10, v,=50

0,6
v,=10, v,=10

0,4
\ v,=10, v,=3

0,2

’ / N
v,=10, v,=2 §
\
0,0 —
0 1 2 3 4 Fy\p S

Puc. 8.5. ®yHKIi rycTuHU f(Fvl,vz) ®imepa (8.11) 3anex-

HO BiJl 3HaY€Hb CTENEHIB BUIBHOCTI V| 1 Vo

1,0

| I—
v,=10, v,=50
0,8 // //
///<FIO’ V2=2
0,6 // =
/ v,=10, v,=10

0,4 /
0,2
0,0

0 | 2 3 4 F\,]’\,2 5

Puc. 8.6. ®yHKIIis po3noainy F(FVI’VZ) Oimrepa (8.11) 3anex-

HO BiJl 3HaYE€Hb CTENEHIB BUIBHOCTI V| 1 Vo
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3ayBaxenns 8.4. HeoOximHo po3pi3HATH TO3HAYSHHS (YHKINI po3moauty F'(x)

JOBUTbHOI BUMIAAKOBOI BeNWunHU X (AuB. po3a. 4.8) 1 BUMAAKOBOT BEJTMUMHH, PO3MOII-
JeHoi 3a 3akoHoM ODimepa [ v,, v, » OCTAaHHIO, B CBOIO 4EPry, CJILI BIAPISHATH BiJl 3Ha-

YeHb, IKMX BOHA HA0yBae. A

8.4. Posnoain Croronenra ¢
Hexaii 7 i 72
exail Z — BUIaJKOBa BEJIUYUHA, pO3NoJUIeHa 3a 3akoHoM N(0,1), ¥y — Bunan-

KOBa BEJIMUMHA, PO3MOAUICHA 32 3aKOHOM [lipcoHa 13 UMCIIOM CTETNEHIB BUTHBHOCTI V, TO-
7l 32 BU3HAUCHHIM BUTIAJIKOBA BEJTUUMHA

(8.13)

Mmae po3noaut CterofeHTa 3 mapamerpoM v (po3noain CThIOJEHTA 13 YHUCIIOM CTETICHIB
BUTBHOCTI V).

MaremaTHyHEe CHOIBAaHHS BUNAJAKOBOI BEIWYMHHW, PA3MOAUICHOT 3a 3aKOHOM
CrerozenTa 1, € cTajia, a AUCIEPCis BUPAXKAETHCS OE3MOCePeTHBO Yepe3 mapaMerp V:

M[i,]1=0, (8.15)

D [Tv]:é . (8.16)

I'padixku ¢yHkmid ryctunu f(4,,) 1posnoauny [7(f,,) HaBeIeHI BIANOBIIHO
Ha puc. 8.7 18.8. 3a Mmanux 3HaueHb napamerpa v (yHKuis f(7,,) Mae JOBruil mpasuil

“xBicT”, a 3a 30UTbIIEHHS 3HaueHb Vv (v > 30) HaOMMKA€ThCA CTaHIAPTHU30BAHUM HOP-
MaJIbHUM PO3TIOILIIOM.

3acTOCYBaHHS BUMAIKOBOI BEJIMYHHHE f,,, HAMPHKIAL, 33 ,,py9HOI" MEPEeBipKU CTa-
TUCTUYHUX TimoTe3 (mB. po3a. 10), 3HAYHO CHPONTYETHCS 3a BUKOPUCTAHHS TaOIUIl
KBAaHTHIIB 1, , (1uB. po3. 4.17), HaBeneHoi B Tabn. /1. 3 1omaTKy.

8.5. Bubipxogi po3noaijm

PosrisHemMo s HEMEpEepBHUX BHIMAAKOBUX BeMWuWH X 11, pO3MOIUICHUX
3a HOPMAJILHUM 3aKOHOM, TOOTO
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X~Nuy,ox),

Y~N(uy,oy),

Pi3HI MOJENbHI cUTYyallii, 3BefieHi B TabJ1. 8.9.

0,4
> V:(#j
v=10
0.2 .
V:
0,0 =———
6 —4 -2 0 2 4 t, 6

Puc. 8.7. ®ynkuia ryctunu f(t,,) Crtetopenta (8.13) 3anexHo
BiJ 3HAYE€Hb CTEMEHIB BIJILHOCTI V

1,0

F(t,) ]
0.8 /

0,6 /

0,2
v=1 /

0.0 v=5 |

Puc. 8.8. ®dynkuia posnoainy F(t,) Crerogenta (8.13) 3anexHo
BiJl 3HAYE€Hb CTEIMEHIB BUJILHOCTI V

(8.17)

(8.18)
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Tabnuia 8.9

Mopensaa

: Onwrc MoIeIbHOI cHTYyaItli
CUTYyaIlis

HemnepepsHi Bunaakosi Beauuman X 1 1 BU3HAUCHI Ha 00'€KTax pi3-
HUX T€HEPAJIbHUX CYKYNMHOCTEH, 3 AKMX BUTATalOTh BUOIPKHU OOCATY My

i ny BIANOBIIHO. 3a BUOIPKaMM OOUYMCITIOIOTHCSA TOYKOBI HE3CYHEHI OLIIH-

KA My, Sy, §)2( 1 my, Sy, §§ napameTpiB Ly, Gy, G%( 1 Uy, Oy, 612/.

Henepeppni BunaakoBi BeanuuHu X 1 Y BU3HAUCH] HA 00'€KTax OAHIET
reHEePaJbHOT CYKYITHOCTI, 3 SIKOT BUTATAETHCA BUOIpKa 00cary n. 3a BUOIp-
KOO OOUYHUCITIOIOTHCA:

1) TOUKOB1 HE3CYHEHI OLIHKH My, Sy, § /2Y 1 my, Sy, §§ napameTpiB
2 . 2.

2 Hx,GCx,0X 1MWy, Oy, OF;

2) TOUKOBI HE3CYHEHI OLIHKA Sy y, Fy y TApameTpiB Gy y i Py y

3B'SI3KYy BeTMYWH X 17V,
3) TOUKOBI HE3CYHEH1 OLIHKU by ¥ b; mapameTtpiB JiHIHHOI perpe-
cii (6.20) Benuunan ¥ 1o X.

BubipkoBi 4HMCIIOBI XapaKTEPUCTUKH HEMEPEPBHUX BUIAMKOBHX BelwduH X 1V
Ta iIXHBOTO CIUTBHOTO po3moaAuTy (Tadm. 8.8), TOOTO TOUKOBI HE3CYHEHI OIIHKH BIAMO-
BIJHUX MAapaMeTPIB HETIEPEPBHUX BUMAAKOBUX BeWYHMH X 1 V' Ta iXHHOTO CHIJIBHOTO PO-
3MOALTY, 32I0BOJIBHAIOTH YHIBEpCaIbH1 3aKOHOMIpHOCTI (Tabm. 8.10).

Tabnuia 8.10

Mopenbna | KomOiHaIs YMCIIOBAX XapaKTEPUCTHAK
Ne | curyamis BHITQIKOBHX BeJIMUMH X 1 Y
(Tabm. 8.9) Ta iIXHBOTO CIUTHBHOT'O PO3MOALTY

CrangapTHHHA PO3MOILT
(mmB. po3x. 5.3, 8.1-8.4)

X-py _X-py

1 1 >
Cx Cx
y — V-
) | ny _ Y-y 5
Cy Oy
My —ny

[S]}

3 1 — L
oy /\nx
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IIponosxenns tadm. 8.10

4 [ Z
Gy/ ny
X—-pu X—u ~
5 - 4 = - = lh, -1
Sx Sx )
Y—uy yY-uy =
6 ~ Ea— tny—l
Sy Sy
=2
(ny =1 Sy )
7 2 Xn, -1
X
Sx
=2
(”Y_l)sy )
8 2 Xn)-—l
Oy
$2
9 ;g FnX—l,nY—l
Sy
j;:l 1+';va N(uy,05), n>10
2 1-Fyy
1+
10 =lln Pxy N PXy ’
2 l_pX,Y 2n-2
2 - 1
oy =Dy]|* ——
y =Dllx—
Fxy
11 n-2- 7

n-2
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3axinuennsa taos. 8.10

bo —Bo s
~ > ‘n—2
Sm(bo)
n
szl x?
2 =1
12 2 Sm(bo) = . : .

Em(bO)’

13 2

2 S
Sm(bl): N d

Z(Xz‘ —my)?

i=1

Hapeneni B tadm. 8.10 BiAMOBIAHOCTI PO3MOALIIB KOMOIHAIIIN YMCIOBUX XapaKTe-
PUCTHK HETICPEPBHUX BHUITAIKOBUX BEIHMYHH X 1 ¥ Ta iXHBOTO CHUIBHOTO PO3MOAUTY CTa-

HIAPTHAM PO3NOAINaM Z , 1, l"vl v, 1 Z% Ha3UBAIOTHCA BHOIPKOBUMH PO3MOAiJIAMU.

BigrocHo BHOIPKOBUX PO3MOALIIB MOXKIIHABI, IK MIHIMYM, JIBa TIPOTHJICKHI TOTJIS-
JTH, SIKI TIPOUTIOCTPYEMO Ha TIPUKJIAAl BUOIPKOBOTO PO3MOALTY 7.

Hexait 3 reHepanbHOi CYKYIMHOCTI, Ha SIKIH BH3HAUYCHA HETICPEPBHA BUITAIKOBA BE-
anunHa X ~ N(Uy, O y ), BUTATHYTa BUOIpKa 00CAry 71y , 3a AKOK OOUYMClIeHa cTaTuc-

THUKA § )2(, a uepe3 Hei — BenuuuHa (ny —1) §)2( / G%(. ByneMo npoaoBxKyBaTh BUTATATH
BUOIPKHM TOrO K 00cAry ny i obuucmosaru BenuuuHu (ny —1)s )2( / G%(. 3a BeNuKo1
KIJIbKOCTI 3HaueHb (ny —1)s )2( / G%( MOXHA TTOOYAyBaTH TiCTOrpamMy BHOIPKOBOiI (hyHK-

1ii TYCTUHHM BUMAAKOBOI BENUYUHU (11 y — 1) ?;2( / G%(. BianosiaHo 10 BUGIPKOBOTrO po3-
noaity 7 (tabmn. 8.10) rpanwns miei rictorpamu Oyme 30iratucs 3 rpadixkom QyHKIi
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TYCTUHU [ (X%), v=ny —1 (aus.po3n. 8.1). Lle ckiagae cyTp NepHIOro MOIsAAy
Ha BUOIPKOBI po3noauUH, HaBeneHi B Ta6m. 8.10. Pesynmbrar He Oyae 3amexatw Hi Bif
TOTO, Ha AKUX 00'€KTaX BU3HAUCHA HETICPEPBHA BHUITAIKOBA BETMUMHA X, HI B ii po3Mi-
PHOCTI, a TUIbKH B1 00CATYy 1y MHOXHUHHU BuOipok. KpiM Toro, Bci BUOGIpkH MaroTh Oy-

TH OPTaHi30BaHl OJHAKOBO, 3 HAWKpAIUM HAONMKCHHAM 0 MEXaHI3MY BHUMAJAKOBOTO
Bubopy. OaHy BHOIPKY, 3a AKOIO OOUHMCITIOETHCS TUTBKH OJTHE 3HAUEHHS JEAKOI YUCIIO-
BOi XapakTEPUCTHKH, OyIeMO HA3WBATH YKPyIHEHUM mociiaoM. OTxke, s TOCHTITHOTO
MATBEP/DKCHHS BHOIPKOBOTO posnonaity 7 (tabm. 8.10) morpibHO mpoBecT Oarato
yKpymHEHUX nociaiB. [{ro curyartito noscaioe cxema tabim. 8.11.

Tabnuusa 8.11

Bubipku obesary ny —
CTOBNUUKU (V=ny —1)
| | 2]
X2 X2 &)
Xi Xi Xi
xn xn xn
3HaueHHs, 00UYMCIICH] 9 9 _ ['panuIs ricrorpaMmu
3a yKPYIHEHUMH 10- | S2 X |V S2 X % | 3Hauens — QyHKIIis
cligamMmu —> CY CY Gy pO3MOINY f(X\%)

Jlpyruii morsia Ha BUOIPKOBI PO3MOIUTH MOJIATAE B TOMY, IO MOXKHA 001iTHCS 03

MOTIEPEAHBOTO BBEIECHHS BUIAIKOBOI BEJIMUWMHHU 3 POMOALIOM i%, AK 1€ 3po0JIeHO
2

B po3a. 8.2, BU3HAUECHHAM k€ (yHKIII rycTuHH f (), ) MOJKHA BBaYKaTH IPAHUYHE TIO-

JIOXKEHHS TICTOrpamMy BUIAAKOBOI Benuuuu (ny —1)s )2( / G%(, no0y10BaHOi 3a BEJIMKOIO

KUIBKICTIO 3HaueHb (ny —1)s )2( / G%(, obuucneHux 3a BHOIpkamMu OOCATIB Ny —

YKPYIHEHHMH JOCTIIaMH. Y IIbOMY BHITQJKY MOXXHA YHUKHYTH TPY/IHOIIIB, MOB'I3aHUX
3 OCMUCJICHHAM po3autie 8.1-8.3.

3ayBaskenns 8.5. [lornmuOumMo po3riiaa MOXKIMBHX BaplaHTIB JOCIIAHOTO CIIOCTE-
PEKECHHS BUTIAKOBHAX BEJMYHH, BIABIIHACH 10 IXHHOTO MO3HAUEHHS (MUB. po3a. 4.2).
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Hexait Ha 00’ekTax reHepalibHOI CYKYMHOCTI MPAKTHYHO HEOOMEKEHOTO 00Cs-
ry N Bu3HadyeHa BunaakoBa BenuduHa X ~ N(Wy, O y ). I3 reHepanbHOi CyKymHOCTI
BUTATHEMO BUOIPKY {X|, Xp,..., X,} ={X;, i=1,...,n} obcary n. 3a BUOIPKOBUMH 3HA-

YEHHSAMU MOXYTb OyTH OOuuClieHl BUOIPKOBI YHCJIOBI XAapaKTEPUCTHKH My 1 § )2(
1 BU3HaueH1 BuOIpkoBa QyHKUIsA ryctvHu {f;, k=1...,K} 1BubipkoBa pyHKu1sa po3-

OALTY {F/;k , k=1,...,K} (muB. po3n. 4.8, 4.10). SAxmo 36imbmyBaT 00CAT BHOIPKH,
TO y TPAHUYHOMY BUNAAKY # — N BHOIPKOBI (YHKINA TYCTHHH 1 (PYHKIIIS PO3MOALTY
1 BUOIPKOBI YKCIIOBI XapaKTEPUCTUKU OyAyTh HaOmmkatucs 1m0 (reHepanbHux) QyHKIli
ryctuHu f(x; Wy, 0 y ) 1 pyHKIIl posnoany F(x; Ly ,o y) 1 FreHEpalIbHUX YUCIOBUX

XapaKTepUCTUK-TIapaMeTpIB Ly 1 G%(. IcHye unMano MOXIMBOCTEH JUTSI BUTSATHCHHS
penpe3eHTaTUBHUX BHOIPOK (AUB. po3A. 4.5), 3a 30UTbIIeHHAs 00CATY SIKUX Oy/e CTocTe-
piratucs 30ir HaOMKEHHUX 1 TOUYKOBUX OTHMCIB BUMAAKOBOT BeTuumHM (1uB. po3m. 4.11).
Taki BuOIpKH 1 BIAMOBIIHI IM TPaHUYHI HAOIMKCHHS IO BHUITAJIKOBOI BEIMUMHH X TI0-
ka3aH1 B TaOJ. 8.12 sk BUOIPKU-CTOBITYUKH 1 BUTIAAKOB1 BETHUMHU-CTOBITUNKH.

Tabnuia 8.12

Bubipku-cTOBIUHKH Burmaakosi BeIHUMHA-PSIIKH

x| ox | X X1~ N(uy,ox)
s | 2 | %2 | X Xp~N(uy,ox)
=
=
&
=
& | K Xj Xj Xi~N(y,ox)
=
m

D T T S Xp~Nuy,ox)

X~N(uyx,6x)

X

BunaakoBi BEITHWUHHU-PSIIKH
X~N ( LLy,C X)
N(1x,0x)




70

[Ipote 301r HAOIMKEHUX 1 TOBHUX OMHMCIB BUMAJAKOBOI BEJIMUMHHA MOYKHA CIIOCTEPI-
rate 1 B 1HImUH crmoci0. bymemo BBaxkaTH, 110 3 IEKUTPKOX MOKJIUBHAX BUOIPOK 0OMpaHi
nepui BUOIPKOBI 3Ha4eHHHA X|. OCKUIbKM 11l 3HAYEHHA MO3HAYAIOTHCS OJHAKOBO, TO

371A€ThCA, 110 M caMl 3HAUEHHS 301raroThesl, TOOTO L€ OJHE 1 T€ 3K YMCII0. AJIe 1 HE TaK.
VY KOXHIH 13 IEKUTBKOX MOXJTUBHX BHOIPOK TEpIIl BUOIPKOBI 3HAUCHHSA, HAICBHO, BIJI-
pi3HAr0ThCs. Haranaemo, 1o BapiaHTiB OOMpaHHs MEpLIOro BUOIPKOBOTO 3HAUYEHHS X

CTUTBKH K, CKUTBKH W 00’ €KTIB TeHEPaANbHOI CYKYMHOCTI, TOOTO N (muB. po3a. 2), a 1ie
JOCUTh BeIMKE uyucio. MHOXHMHA 3HAUY€Hb X| 3 PI3HUX BUOIPOK-CTOBMYHUKIB, Y CBOIO

4yepry, yTBOproe BHOIPKY-psiiok (muB. Tadmn. 8.12). Omxke, 3a mepmmMu BHOIPKOBUMHA
3HAQUEHHAMH X] TaKOXK MOXKYTb OyTHM OOuMcieHI BHOIPKOBI YHMCIIOBI XapaKT€pPUCTH-

KA My 1 §)2( 1 BU3HAUCHI BUOIPKOB1 (PyHKIIT TyCTHHA { f/;k , k=1,...,K} 1 BubipKoB1

dbyHKIIi po3noalTy {F/;k , k=1,...,K}. Slkumo 30u1bIIyBaTH KUTBKICTE OOMpaHWX 3Ha-
YeHb X], TOOTO 30UIbLIYBATH O0OCAT BUOIPKU-PAJIKA, TO MOXKHA HAOIU3UTH BUOIPKOBUMMU
(GYHKUIAMH TYCTHHM 1PO3MOJAULY TeHepaibHl (QyHKW TrycTtuHu f(X;ly,O y)
1posnoauty F(x;uy,Cy), a BHOIDKOBUMH YHUCIOBUMM XapaKTEPUCTUKAMU /M y

1 )2( — TeHepasibHI YUCIIOBl XapaKTEPUCTHKH Uy 1 G%(. 3po3yM1JI0, IO MOYKHA yTBO-
pPUTH BUOIPKH-PAIKHA 3 OyIb-IKHX BHOIPKOBHX 3HAYECHB 1 CIIOCTEpIraT 30ir HAOIMKe-
HUX 1 TOYHUX OMHKCIB BUMAAKOBOi Benuunan X (auB. Tabn. 8.12). CnocrepekeHHs BU-
NaJKOBUX BEJMYMH MiJ TaKUM KyTOM 30py OyJe BUKOPHCTAHO Y MOAAJBIIOMY BHKJIIA-
JICHH1, 30KpeMa IMi1 4Yac OOTPYyHTYBaHHS JACSIKWAX BJIACTUBOCTEH TOUKOBHMX OIIHOK Tapa-
meTpiB (auB. po3d. 9.2,9.3). A

8.6. B3aemo3B's13ku Mik po3noaiiaMmu
AUCKPETHHX i HenmepepBHUX BUIMAJKOBHX BeJIHYHH

1. dxmo B cxemi mociiay beprymm (muB. po3a. 5.1.) BUKOHYIOTBCSA TaKi YMOBH:
n—>ow 1 p—>0, npuaomy np =i =const >0, To OIHOMHHH PO3MOALT HAOIMIKAETHCS

po3noaiiom [lyaccona (qmB. po3a. 5.2), To6To

m
i

b(m;n,p)=C)' p"q"™ " ~ P (m)=

e (8.19)

m!

2. Skmo muckpeTHa BHUMAAKOBA BeNMMUYMHA X PO3MOAUICHA 32 OIHOMHUM 3aKOHOM

3 mapameTpamu 7 1 p (auB. po3A. 5.1), To 3a BUKOHAHHS YMOBH /7 —> o0 CTaHIApPTH30Ba-

HUH OIHOMHWI PO3MOAUT HAONMKAETHCA CTAHIAPTU30BAHUM HOPMAJIBHAM PO3IMOILIOM,
|
TOOTO

X—-pu X-np
o mpg

~ N(0,)) , (8.20)

1 o
Lleft pesynpTaT Mae Ha3By TeopemMu Myaspa-Jlamiaca.
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IPUYOMY 32 3HAYEHb /1, TAKHUX IO /npg >9, cnpaBemmmBa HAONKEHA PIBHICTH, IO

JO3BOJISIE Yy TIpoIieci podOTH 3 OIHOMHUM PO3MOALIOM 3aCTOCOBYBATH TaOmHIll QyHKITI
Jlarumaca (muB. po3a. 6.3):

P({x1 X <x2})» F(29) = F(z21) = D(z2) - D(z7) , (8.21)

xy—np-0,5 _xp—np+0,5

> Z >
N Ipq ? \Npq

Zl:

(8.22)

ne no6asku —0,5 y uncenbHuky z; 1+0,5 y 4MCENbHUKY z) HA3UBAIOTHCS MOINpPaB-

KaM¥ Ha HETICPEPBHICTb.

3. Slkmo auckpeTHa BUNAAKOBA BEIWMYMHA X pO3MOjiUIeHa 3a 3akoHOM Ilyaccona
3 mapaMmeTpoM A (IuB. po3f. 6.2), TO 3a BUKOHAHHS YMOBH A — o posmoaur [lyaccona
HaOJIMKAETHCS HOPMATBHAM PO3MOILIIOM

N //]

P;L(m)zﬁe_l ~ NV, (8.23)

NpUIOMYy 3a 3HaUeHb A >9 crpaBemnBa HaOIMKEHA PIBHICTD, IO JO3BOJISE, MPAIIOIO-
um 3 posnoauiom [lyaccona, 3actocosyBatu Tabmuin ¢ynakimii Jlamiaca (aus. po3a. 6.3):

P({x1 X <x2})» F(29) = F(21) =D(z3) - D(77), (8.24)

Xl—}\,—O,S _X2—7\,+O,5
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